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DEM Modeling: Lecture 13
3D Rotations
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3D Rotations

G
Newton’s 2™ Law: = B
d G G
E(lm) B T a)Bzﬂ TB et,z a)Bx, TBnet,x
Easiest to put the rotational eqns of motion x5 e
in a body-fixed frame of reference (FOR)
aligned with the particle’s principle axes 28 3B
— in a body-fixed FOR, the moments of inertia ar,, TBnet’y
don’t change due to changes in orientation where
— aka Euler’s rotational egns of motion . I, /yy, and /__ are the
principle moments of inertia
o =1" '[TB —o” X(!""B)] for the particle

s 1 « Bis the rotational speed of

. B B _B

T |7 v ofel (1, -1 )] the particle in a body-fixed
- B 1 B B _B ] FOR

“ :I_[Ty roiop (1= L), - TBis the net torque acting
. lyy P _ on the particle in the body-
of =T+l (1, -1,)] fixed FOR
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3D Rotations...

« How should we describe the orientation of an object in
3D space?

G
y 4

superscript “B” = body-fixed FOR
superscript “G” = global FOR

G
zZ yB
e Three common methods
— direction cosines

— Euler angles
— quaternions
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Direction Cosines

« Use the cosines of the angles that the body-fixed axes
make with respect to the global axes to describe the

orientation of the object

G

32N ~B ~G ~G ~G

ngyG B e, =€’ cos exBxG +€ cos exByG +€. cos eszG

QXBZG/ 0 ;. éf\ cosf, . cosf,, cosd,, ”éf\

L %G JaBl_ AG
- X7 q€, r=|cos QyBxG COS QyByG COS QyBZG 1€ ¢

éB é(?
~G %z )| cos QZBXG coS QZByG cOoS QZBZG Ie®

-
_RBG

RBC = rotation matrix from the Global to the Body FOR
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Direction Cosines...

 The rotation matrix RB® is orthonormal

— the basis vectors forming the rows and columns of the matrix are
mutually perpendicular

— the magnitude of the basis vectors formed by these rows and
columns have a magnitude of one

— — RGB = (RBG)—1 — (RBG)T

2 r

(AG AB
ex ex
~AG GB | ~B

3 — >
e R 1€,
~AG ~B
e e

\ z V. _ z J

— although the matrix R®2 has nine terms, only three are
independent
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Direction Cosines...

 Example

— The unit vectors for the body-fixed FOR written in terms of the

global FOR are: B

_aG
ex —ey
~B  AG
ey —eZ
~B  AG
eZ _ex

— Sketch both the body-fixed and global FOR axes. Let the global
and body-fixed FORs share the same origin.

— Write the rotation matrix for the transformation from the body-

fixed FOR to the global FOR.

— Express the vector v& = (0, 1, 0) which is given in the body-fixed
FOR in terms of the global FOR using the rotation matrix

determined in the previous part.
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Direction Cosines...

e Solution

_cos ngxG cosé’x,gyG
R®¢ =|cos@,. cosb, .
y X Yy
cosHZBxG CoS 6’ZByG
0
REB _(RBG)‘1 :(RBG)T —|1
10
VG — RGBVB
0 0 1](0
=1 0 0«1
0 1 0](0
0
ve = O}
1

cos HxBZG
cos® , .
Vv z

cos@ , .
zZ Z

_—O O
oS o =

_— O O

oS O =

oS = O
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Euler Angles

 Decompose the orientation into three successive
rotations about various coordinate axes (e.g. the 1-2-3
sequence shown below)

0 0
y y
A
A
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Euler Angles...

« The full sequence of rotations may be expressed as a
single rotation matrix

1 0 0
a' =R"a’=|0 cosn singy |a’

_0 —sinny Cos 17 | 23 = R2° = R2ZRR10Q0

[cosé 0 —siné | [ cfcAd cmsA+snséed smsA—cnséca |
a>=R'a'=| 0 1 0 |a' |R"=|-cfsA cnci—sysési sncd+cnsési

| sing 0 cosg | s¢ —sncé cncé

[ cosA  sind 0]
a’=R”a’ =| —sindl cosd 0 |a’

0 0 1
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Euler Angles...

* There are twelve possible Euler angle sequences that
could be used:. 1-2-1 (e.g. x%'x?), 1-3-1, 2-1-2, 2-3-2, 3-
1-3, 3-2-3, 1-2-3, 2-3-1, 3-1-2, 3-2-1, 2-1-3, and 1-3-2.

« The rotation matrix is orthonormal.

* The Euler angles used to achieve a final orientation are
not unique. For example, the rotation matrix is identical
for (n, & A) = (135°, 135°, 135°) and (n, & A) = (-45°, 45°,
-45°).

10
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Euler Angles...

 Example

— A vector vB = (0, 1, 0) is expressed in FOR B. The
Euler angles for converting from FOR A to FOR B are
(m, &, A)BA =(90°, 90°, 0°). Sketch FORs A and B and
the vector v. Find vector v's components in FOR A.

11
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Euler Angles...

« Solution
2
¥ 2 N
X B
1 I B
Cx% x4 = B1=908 > T2 = CZ‘ > 72
/ nP4 = 90° V> % QBA — ()°
z4 = ! = 3B
»
\ xB

A\
ZA%
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Euler Angles...

e Solution...

VB = pBAyA g4 _ (RBA )‘1 VB :(RBA )T vE

_C§BACiBA C77 SZBA‘FST]BASé:BAClBA 877 SXBA_CUBAsgBACiBA

RBA — —CgBASiBA CT]BACABA_SUBASé;BASiBA ST]BACXBA‘l‘CT]BASgBASABA
S§BA _SUBAchA C??BAchA
(0 1 O]
=10 0 1

1 0 0
r 4 - R o4 S
v, 0 0 17(0 v, 0
W, =1 0 0]1¢ VA:<vy> =<0
y 0 1 0/l0 y 1
W Z ) = g —/;;, L ZJ
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Euler Angles...

« Euler angle rate of change

— consider a small rotation about each
of the Euler angle sequence axes

AB = Ane +ALe, + e 2

— express the rate at which the rotation,
A0, occurs in terms of the body-fixed
FOR (frame 3) *

3

z

2 s ar3 A3

, =sin e, +cos e 2
1

X

2

z

1

y

A0 A AD . n2
e =e, =coscée, +since; ERNY 2
AD A3 . A3 }\‘ X
e, =cos Ae, —sin le,

14
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« Euler angle rate of change...

Euler Angles...

A®° =(Ancosécos A+AEsinA)e; +(—AncosEsinA+ALcos )& +(Ansiné +AL)e]

3
a9 _| dn cosfcos/1+§sin/l ¢ - —@coszjsin/l+ﬁcos/1 ¢ - @sin‘f+d—/1 &
dt dt dt dt dt Yo dt dt
—»’ =1] =¢ =1 = =N =4
(@] [ cosécosd sind 0](7
<a); . =|—cos&sind cosA O0[{¢& o if &> 42 or 342, then cosé — 0
e sin & 0 1114 * The Euler angle formulation is not
R - well posed for all Euler angles.
[ cosA sin A r » Other Euler angle sequences (e.g.
n %osf Aosg 10X 1-2-1) will also have singularities at
gL = sin A cos A 0l!a particular angles.
Ji . P S !  This behavior is sometimes referred
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Quaternions

* Describe an orientation using a single
rotation about a unit vector

* Unlike direction cosines and

B 0 Euler angles, a quaternion
uses four quantities to
describe the orientation: (6,

3 n,S, nyG, n,®). One of the

: guantities is not independent.

. \ « An Euler angle rotation

“ 3 sequence can be thought of

as a sequence of three

guaternion rotations.
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Quaternions...

Consider a complex number

Let the 2D vector v be represented by the A v _ [z, 2
complex number z, I N

. ‘91 R 0 = tan™' [Xj
v=z =(x,»)=(rcosb,rsinb) > X x

We can rotate the vector v about the origin by an angle &, by
multiplying z, by the complex number z, as given below.

z, =(cosb,,sin b, ) y
V’ A \V
vi=zz, =(r cos&l,r sin 6, )(cos 8, ,sin b, ) \Y& ,
=(r,cos(6, +6,),rsin(6, +6,)) R

.2D rotations may be performed using complex numbers
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Quaternions...

* (Unit) quaternions are “hypercomplex” numbers
that can be used to perform 3D rotations

— originally proposed by Hamilton (1843)

q=q,+qi+q,j+qk Ve "
= [cos (%),ﬁsin(%)] ’ 0
= cos (%) +sin(£)ni+sin(4)n,j +sin(£)n,k ¥
> vG
i2:j2:k2=—l G \ .

j=—ji=k
jk=—kj=i k@] k@]

ki =—ik = j

18
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Quaternions...

« Some handy quaternion properties

=\q. +q +q; +q; rh=bra
|‘l| (\l/% 49 T4, 7945 a—l—(b-l—C)Z(a"‘b)"'c
q:m a(bC):(ab)c

ab = ba, 1n general

ab :[s,u][t,v] :[st—u-v,sv+tu+u><v]
= (a, +ia, + ja, + ka, ) (b, +ib, + jb, + kb,)
= (aobo _albl — a2b2 — a3b3)+i(a0b1 + albo + a2b3 _a3b2)+

Jj (a0b2 —a,b, +a,b, +a,b, ) +k (aob3 +a,b, —a,b, +a,b, )

19
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Quaternions...

« Some handy quaternion properties...
qq” =[1,0]
ifq:[S,V] :(QO9919Q2DQ3)9 then q_l :[Sa_v]:(QOs_QI9_929_Q3)
-1._-1 _ -1
P q4 =(qp)

A vector v rotated about unit vector n by an angle € is given by:
[0,v']=q[0,v]q" = |:O,VC089+(ﬁX V)sin6?+(v-ﬁ)ﬁ(l—cosé?)]

Two successive rotations (first rotate using ¢, then rotate using q,):

[O, V”] = ((Alz(All )[O, V] ((Ah_lfl;l ) (equivalent to [0, V”] = f'[O, V]f’_l where r = (?12(11)
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Quaternions...

« Some handy quaternion properties...

[0,v']=q[0,v]q" = V' =Ry
| 1_2(%2 +Q32) 2(_%% + Q1Q2) 2(q0q2 +qlq3) _
where R = 2(q0q3 +qlq2) 1—2(q12 +q32) 2(—%% "‘%%)

2(—q0q2 +qlq3) 2(%% +Q2Q3) 1_2(%2 +q22) |
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Quaternions...

 Example

— A vector v = (1, 0, 0) is rotated about the y-
axis by an angle of 90°. Determine the (unit)
guaternion encoding this rotation and show
that the rotated vectoris v’ = (0, 0, -1). Also
find the rotation matrix corresponding to the
guaternion.
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Quaternions...

o Solution

v
] 0=90° q= [cos(%) sin (%)ﬁ] where 6=90°",1 =(0,1,0)
Y =a=(4.04.

[0,v']|=q[0,v]q —[O veos@+(fixv)sind+(v-n)n (l—cosﬁ)]

= 0,0+(O,1,0)><(1,0,0)+{(1,0,0)-(0,1,0)}(0,1,0)

-
=0

[0.(0.0-1)]

v =(0,0,-1)
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Quaternions...

o Solution

1-2(2+q})  2(94,-9)  2(904: +9.9;)
R = 2(q0q3 +qlc]2) 1_2(%2 +q32) 2(_%% +Q2%)
2(_%% +Q1Q3) 2(%% +q2q3) 1_2(%2 +q22)

0 0 1
R=10 1 0
-1 0 0]
vl To o 17(1) [0)
Note: <v, ;=] 0 1 0[{0,=10 ¢ (same resultas before)
vi] |-1 0 0]|0) |-1
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Quaternions...

« Using quaternions to change FORs
— Let g®Bbe the unit quaternion that rotates FOR G to FOR B.

— Since the vector v does not rotate with the FOR, it's as if v
rotates in the opposite sense of q¢8 (imagine the movement of
v if standing in FOR B).

— Thus, to express v in FOR B, rotate v using the inverse
quaternion B¢ = (q©8)".

yG
[0.v]=(a")[o.v"](a")" poo| e
A -1 ~
-(a) [0 @) NN
[ Y T e

where R = Z(ququGB—qOGquB) 1—2[((]16’9)2+(qu)2} Z(Q(?BQFB+Q2GB%GB)

_2(q53quB+ququ) 2(-9" 4" + 45" 45" ) 1—2[(qf;3)2+(q53)21

25
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Quaternions...

 Example

— A vector vé = (0, 1, 0) is expressed in FOR G.

FOR B is found by rotating FOR G about the
vector (1, 0, 0)¢ (expressed in FOR G) by an
angle of 180°. Determine the (unit)
quaternion encoding the rotation from FOR G
to FOR B. Express the vector v in FOR B.

26
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Quaternions...
o Solution
v q% = cos(%),sm(%)ncq:(0,1,0,0)
1. v ]=(a) " 0. )(a*)
NoX G =(0,-1,0,0){(0,0,1,0)(0,1,0,0)}
G v
z - 180° =(0,-1,0,0)(0,0,0,-1)
Ve =(0,0,-1,0)
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Quaternions...

« Quaternion rate of change

— consider a rotation about the body-fixed axes over a short time At
— dP(t) is the rate of rotation about the body-fixed axes at time t
— qCB(t) is the unit quaternion to go from FOR B to FOR B at time ¢

— the new quaternion may be found by multiplying the old quaternion by the
quaternion describing the incremental rotation

flGB(t+At)—{cos(m (;)At}ngl‘; Sin[m (;)AtﬂflGB(t)

~4”(0)=14" (000" ()] Note: [0.0°] = (a)[0.0"J(a*)

« there is no singularity in the quaternion rate of change (recall that there was
using Euler angles)
+ only unit quaternions encode rotations so the quaternion should be

normalized after it has been updated to prevent numerical “drift” resulting
from numerical precision errors
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Quaternions...

 Example

— A cylinder’s body-fixed FOR (see below for the orientation of the
body-fixed FOR) is found in the global FOR using the quaternion
q®e = (0, 1/sqrt(2), 0, 1/sqrt(2)). The cylinder rotates about its
body-fixed axes with speed »f = (0, 0, 1). Sketch the cylinder’s
orientation in the global FOR and determine the rate of change
of the cylinder’s quaternion at this instant in time.

29
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Quaternions...
e Solution

Determine the orientation of the body-fixed z-axis

Note: 0=180" and A =(1,0,1) [0,27]=(4°")[0,(0,0,1)](§ )_1
= a=(004] - (o305 {lo00n(o-z5.0-5)]
2 —(Of%)(l 0,-35-0)
=(0.3+4.0,—1+1)
; \ 2B xG +2'=(1,0,0) the body-fixed z axis points along the
B " > global x axis
A %/G Perform a similar analysis for the body-fixed x-axis
- -1
Y2 = 150° [0.x]=(a ) 0,(1,0,0)](6)
- (00010003505
~(0.4-4.0.4+3)
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o Solution...

G
Ay

Quaternions...

|\

el
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Summary

« 3D orientations and rotations are more complex
than their 2D counterparts

« Euler angles suffer from “gimbal lock™ at
particular angles — shouldn’t use for modeling
rotational motion

* Quaternions have many advantages and are
commonly used in DEM applications
— don’t suffer from gimbal lock
— easy to correct for numerical drift

— multiple rotations can be represented by quaternion
multiplication

32



