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This book is highly recommended to use with this course:

“Molecular Modelling - principles and applications”

Andrew R. Leach

Pearson Education, Harlow England

ISBN 0-582-38210-6 
Software

The following software was used to prepare this course and are highly recommended to be used for the homework exercises:

CSD+Mercury (CCDC, Cambridge, UK)

Gaussian+Gaussview (Gaussian Inc.)

Tinker (freely downloadable)

Homework and Exams

The homework guides the student through a set of practical modeling scenarios in molecular crystallography, quantum chemistry, and molecular mechanics.

Some of the exercises require programming which can be done on any level software (C/C++/python/basic/etc) or by using an applied mathematics package (Mathematica/Matlab/Maple/etc), or even in Microsoft Excel; whatever the student is most comfortable with.

The homework is collected in the file homework.doc.

Answers to the homework exercises and a pool of 200 theory exam questions and a practical exam can be made available to teachers upon request.
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This course consists of 6 chapters. In the first chapter the basics are looked into, such as the definition of organic crystals, basic crystallography, coordinate systems, etc. Chapter 2 introduces the general philosophy of modeling and which types of models are currently available for molecular modeling. Chapter 3 lays out the typical computer algorithms that are used to approach problems in molecular modeling, most notably minimization, Monte Carlo, and Molecular Dynamics. Chapter 4 explains the computational techniques used to treat periodicity. Chapter 5 looks at the phenomenon of polymorphism and the relevant computational techniques. This chapter also treats polymorph prediction. Chapter 6 looks into the anisotropy of properties which is typical for organic crystals. An emphasis is placed on the computational techniques for simulating crystal growth and henceforth the prediction of crystal morphology.
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Molecular modeling deals with a wide range of scientific disciplines. Here we see a typical work flow often used to serve as the basis for molecular modeling. First, a molecule is synthesized, which is organic chemistry. Then the synthesized molecules are purified by crystallization, which is physical chemistry. If suitable crystals are obtained in that process, the crystal structure may be determined by a crystallographer. This yields the atomic coordinates of the molecules in the crystal structure. Those can finally be used to build a molecular model, which can then be used to understand or even predict the properties of the crystals. That discipline is theoretical or computational chemistry.
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This course deals with the last three steps of this methodology. Fortunately, oftentimes the crystallization and structure determination have already been done. The Cambridge structural database is a collection of molecular structures that were published. Nowadays people who publish structures are encouraged to upload their data directly to the CSD, which therefore is growing very rapidly. Currently (Jan 2008) 436436 structures were listed. Structures can be requested for bona fide research purposes, however the CSD search software is not freely available. A license must be purchased to obtain the data and support software by CDROM. Many university campuses worldwide have such a license in place.
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An alternative route to using experimental data for the crystal structure polymorph prediction can be done. That process starts by first calculating a high quality model for the molecular structure; typically by using an ab initio level calculation followed by some method for the prediction. These methods are covered later in this course.

It should be noted that there is always a level of uncertainty with predictions and therefore there is typically a larger number of structures to be taken into account as possible crystal structures.
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Since this course is about molecular crystals, it is important to define what those are. An important concept is order. Molecular crystals distinguish themselves by having a three-dimensional ordered arrangement of the molecules, as compared to the other phases, liquid and the vapor, which have no such order. A word on entropy and how order affects the phase diagrram will follow in a couple of slides, but first we will look at some alternative solid phases with other than 3-dimensional order.

First, there is ‘amorphous’, which essentially has the same amount of order as the liquid. Glass is the most common amorphous solid around us. Than there are materials that have some form of order in 1 or 2 dimensions. Most notably liquid crystals fall in this category. There are many different types such as smectic and nematic phases; too many to discuss here. Finally there are higher order systems, such as incommensurate crystals and quasi crystals. These materials do of course not really exist in up to 6 spatial dimensions, but their ordering in 3 dimensions appears chaotic unless described in 6.
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It is immediately obvious by looking at this example of a quasi crystal that the ordering in this system is more complex than that of a checkerboard in 3 dimensions. 
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Water is by far the most obvious example to explain phase diagrams. When we look at ice, the crystalline solid phase of water, we see a typical hexagonal ordering of the water molecules. This is obviously an arrangement in which the most hydrogen bonds can be made between the water molecules. On the right if you click on the picture a movie should start playing. That movie shows a 5 picosecond simulation of water at room temperature. The red spheres denote the oxygen and the white spheres are hydrogen. you can see how the molecules are moving around quite a bit even in this short a time frame. You can imagine how much motion that generates in a time period of say a second or so. In that time frame it will appear that the water molecules have become a continuum and you can no longer pinpoint the position of individual molecules. They appear to be moving completely freely.
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On this slide it is shown that they actually do not move completely freely. There is in fact still a particular type of order present, even in the timed average. Because two molecules can never move into the same space at the same time, there is always a distance relation between the molecules. The average of this over many, many thousands of molecules gives rise to a fixed density of the liquid at a given temperature and pressure.

when the occurrence of a certain distance between two molecules is plotted against how often that distance occurs, we obtain a so-called  radial distribution function. In this example it is clear that a distance between two oxygens is mostly about 2.8 Angstroms, the typical length of a hydrogen bond. In the right plot you can see a spike at 1.8 Angstroms which is the distance between the hydrogen and oxygen involved in the hydrogen bonding.

So even though the relative positions of the waters is completely chaotic, their relative distances are not.
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To debunk the idea that water is a simple case, here is a complete - for as far as science knows it - phase diagram of water. It shows the hexagonal phase we just saw at the 273 K point, but at lower temperatures it shows a cubic crystal structure is more stable, and even another structure appears at extremely low temperatures. On the upper side in the diagram, many structures are observed at high pressures.

This diagram is extremely rich. In other words, there are many different ways in which the relatively simple water molecules can arrange themselves as a function of temperature and pressure.

Notice the many phases that either have ordered or no ordered positions of the hydrogens. These can be very subtle differences that change the energetics, in particular its entropic part to vary by very small amounts.
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So what does all this mean in terms of the relation between order and the occurrence of various phases? It is easiest explained by the general expression for the Gibbs free energy, G=H-TS. In general we can state that a higher level of order leads to a lowering of entropy (indicated by the left plot). So when we generate a plot of what we will find along the line given by H-TS, at higher temperatures the least ordered systems are more stable, and at lower temperatures the highest ordered systems. 

No matter what the various phases of a given molecule are, the temperatures at which they are found depends on the amount of order in the system.
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So what does that 3D order look like in molecular crystals? Crystals are governed by two principles. One is that the molecules strive to arrange themselves such that there is a minimum of free space. Second is that there is typically a spatial relation between the molecules, described by the so-called space group symmetry. The most striking feature, however, is that of the translation symmetry. In the example shown the unit cell contains 2 molecules of a well known Pfizer drug. Although there appears to be free space in the upper left and lower right corners, when the unit cells are stacked, that space is filled up by the parts of the molecules sticking out in the neighboring unit cells.

Notice how the unit cell repeats itself spatially to form an interesting looking wallpaper pattern in which the molecules are all aligned in the same orientation.
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Translational symmetry can be mathematically described as an operation. When asked to describe what the wallpaper in the bottom figure looks like, everyone would instinctively describe this as an arrangement of identical flowers. This plane filling pattern is thus easiest to describe as a description of the asymmetric unit and its translational symmetry. In this case, a single flower is the asymmetric unit. There is no symmetry within the flower and it can therefore not be broken into something smaller, hence the word. Once the flower is described all that need to be done is to describe what the relative positions are of the flowers. In this case for every flower found, there is one directly right and left of it and one directly under and above it. This is true, except at the edges of course. But look at the diagonal operator. When combining the previous 2 operations, there are 4 flowers at diagonal positions also. You can now combine a straight translation with a diagonal one to a knight’s jump in chess. and so on and so forth…
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The previous slide showed that there are many ways to describe the translational symmetry. You can make an infinite number of symmetry operations that all will equally well describe the translational symmetry. This however doesn’t mean that any set of operators describes the same symmetry however. Imagine this pattern not as wallpaper, but as kitchen tiles. It would make sense to print the flower in the same way on every tile. Otherwise, the pattern cannot be made uniform when tiling the wall. In black I have outlined three possible ways to do this correctly. Notice that to do this, the tiles cannot be rectangular like regular tiles, as is shown in red. There is no possible way to pick rectangular tiles and have the same print on them. The most obvious correct solution is the tile in the upper left. Each tile has one whole flower. The upper right tiles have the same shape, but are positioned so that 4 quarter flowers are printed on the 4 corners. Each tile still has 1 flower on it, just not whole. Of course in real life the grout wouldn’t look as good if it cut through the flowers, but mathematically this is an equally valid solution to the problem. The tile shape on the bottom right would also work well.

This example demonstrates that there are many ways to describe the translational symmetry. What the most practical way of doing so is, depends on the particulars of the asymmetric unit. In crystallography this depends to a large extent on the spacegroup symmetry as we will be discussing in detail.
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Here is an example of a molecular pattern. The actual structure of this crystal is of course not 2 dimensional, but when projected on a plane it looks like a wallpaper pattern. On the left we see the unit cell, the smallest ‘tile’ that can be made to create the pattern uniformly. Notice in this particular case, that the unit cell contains 4 asymmetric units, or molecules. 

If you look at how the molecules are arranged in the cell, the cell can be rotated 180 degrees giving the same unit cell. If you were tiling a wall with this pattern (kinda geeky) it would make the job much easier not having to look what the up and downsides are. In crystallography, unit cells are always chosen such as to have the highest possible internal symmetry in this sense.

We will be discussing the spacegroup symmetry operators in detail later in this course.
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Leaving the internal symmetry for later, first I will discuss the possible shapes of the unit cell, called systems. The most familiar shape for everyone that had a set of blocks as a toddler is the cube. A cube can be defined as a body that is equally high as it is wide as it is deep and all corners are 90 degrees. This is denoted as a, b, and c being equal, and all angles being equal and 90 degrees. Given the cubic crystal system this leaves 1 free parameter, its size. When stacking cubes, one does not have to look which side goes where. Every side of the cube is equal, giving 6 possible orientations, and holding one face on one side, the cube can be rotated by 90 degree intervals giving 4 possible orientations. This yields 24 possible orientations in which the cube can be taken to stack it. Beside rotational symmetry you could also mirror the cube, which gives it 48 mathematically equivalent possibilities. This is the highest symmetry possible.

On the other side, there is triclinic, which has no restrictions other than that all dimensions and angles are different. Stacking these objects is surprisingly difficult (I have a set of triclinic blocks to demonstrate this) as only one orientation works and we haven’t been trained to rotate the blocks in their correct orientation.
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There are 7 crystal systems, the definitions of which are given in this slide. By far the most common for molecular crystals is the monoclinic crystal system. Second is the orthorhombic system which has all angles of 90 degrees. Its shape is that of a brick.
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To describe a unit cell in crystallography this is typically done by the so-called unit cell parameters: a, b, c, alpha, beta, gamma. Regardless of how the unit cell is oriented in space, these internal parameters do not change.

For mathematical purposes, this is not always practical, as you will see in the homework assignments. In a more general mathematical way, we can define the unit cell by a set of three vectors in space, each having 3 components, x,y,z. To calculate things such as a radial function, this can only be done by expressing the entire system in the mathematical way.
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To do calculations on crystallographic systems it is therefore important to be able to go back and forth between the two systems. This can be done by expressing the unit cell vectors in the orthonormal basis x,y,z, or as we normally call this: ‘Cartesian space’. 

For the mathematically gifted, it is fairly straightforward to derive a set of expressions to obtain the coordinates of a set of a,b,c, vectors in xyz space. For the rest of you, you can follow the conventional method shown on this slide. If you place the unit cell such that the c axis is parallel to the z axis, the c vector can simply be expressed as the vector (00c). if the b vector is then rotated into the yz plane, it’s coordinate then becomes (0 b sin alpha b cos alpha). The a vector is then also fixed and is the most complex expression.

This expression is the most general and will therefore work for all the crystal systems including triclinic. It is interesting to take this set of equations and simplify them according to the given restrictions for all 7 crystal systems. It is easy to see that for the cubic system all cosine terms become zero and all sinusses become one yielding the very simple set of (a 0 0), (0 b 0), (0 0 c) for the unit cell vectors. As said before, we are usually not this lucky with molecular crystals.
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Depending on the source, sometimes atomic coordinates are given in Cartesian, for instance the protein databank does that, whereas other sources provide data in ‘abc space’. Because in essence these coordinates are fractions of the a, b, and c vectors, this is typically called fractional coordinates. The CSD, which is the source we will mostly be using in this course provides all its data in fractional coordinates.

slide 22

It is important to realize that the vector r, which represents any point in space, is identical whether it is projected in abc space or xyz space. When we do this “projection”, r is simply either given as a vector with components, ra, rb, rc; or with rx, ry, rz.

In both cases, the components of r are simply counting by how many times the respective vectors are traversed to reach the point r. That can mathematically be expressed as a matrix multiplication. Any point in space is therefore expressed as a linear sum of the unit vectors of the given vector space.  Examples of how this works are given later.
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Before giving these examples I first want to explain how you can tell fractional from Cartesian coordinates and when you typically use which.

Since fractional coordinates give atomic positions as a relative position within the unit cell, the actual numbers are typically in the range between 0 and 1. Sometimes they are somewhat outside this range, for example when a molecule sticks just outside the unit cell as in the examples shown before.

Cartesian coordinates are ‘real space’ coordinates, typically given in the non-SI unit of Angstroms, which is one-tenth of a nanometer. This is a very convenient multiplier as one angstrom is typically the scale of single atoms. Given that typical small molecules have something up to 50 atoms or so, the dimensions of these things are typically in the range of 0 to 30 Angstroms. So when you see numbers that exceed 2, you are most likely dealing with cartesian coordinates. When most numbers are between 0 and 1, you are dealing with fractionals.

As said before, cartesian coordinates are much more practical when calculating stuff such as interatomic distances, angles, and so forth.

Expressing the spacegroup symmetry in mathematical expressions requires the coordinates to be in the crystallographic system, ie fractional. We’ll see how that works later in this chapter.
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These are a set of expressions that only ‘work’ when acting on Cartesian coordinates. These simple vector operations are really all you need when doing molecular modeling and this slide therefore acts as a reference.
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As promised, let’s look at a simple example of how a vector r can be expressed in two different coordinate systems as a prelude of how to do coordinate transforms, or coordinate conversions. As both vector spaces are relevant in molecular modeling, going back and forth between coordinate systems is a necessity.

In this example r is expressed in the fractional vector space. The c axis is pointing straight at us, so we don’t see it. Henceforth, the rc coordinate of this vector is zero. You can see that the vector r can be broken down into two steps, one is to travel along the a axis, by about 0.6 times its length and 2 is to travel along the b axis by about 0.8 times its length. The notation of this vector is therefore [0.6 0.8 0].
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If you go back and forth between this slide and the previous, you can see that the vector r did not move. It is the same vector. However, we are no longer dealing with the reference basis vectors of a and b. Now we are dealing with an x,y,z space; the z again coming directly at us, so we don’t see it.

Now it is easy to see that in x,y,z coordinates, the same vector is now given as [1.7, 2.7, 0].

Again, the coordinates are implying a subsequent movement along vectors, in this case the unit vectors, x,y,z.
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So how do we go back and forth? This can be figured out by realizing that the vectors rabc and rxyz are really the same thing and thus you can create a set of linear expressions that solve for the unit cell vectors as shown in slide 20.

Mathematically this is most practically done by defining a transformation matrix T. The question is now how to obtain that matrix.

slide 28

To obtain T, we can define 3 expressions, for the known vectors as we defined them on slide 20. When we do all that hard work and we stick to the convention of how the unit cell is placed in the cartesian space, we obtain this general expression. Obviously, the actual transformation matrix for a given crystal system can be obtained by substituting the lengths and angles of the crystallographic parameters, a,b,c, etc.
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So this transformation matrix T can be used to go from fractional to Cartesian coordinates by left multiplying T with rabc. , but how do we go back?

To go back, we can do the same trick but with the inverse matrix inverse matrix as is shown in the third expression. To prove why this is valid, we can left multiply the 1st expression by the inverse matrix as is done in line 2. Since the multiplication of a matrix with its inverse obtains unity, we can remove T-1T from the equation proving it.

How the inverse of a matrix can be obtained is explained in Leach’s book and can be found in any general linear algebra mathematics book or the internet.

I will be talking about a third vector space shortly, namely the reciprocal space. Conversions to and fro this works in a very similar way.
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Besides the Cartesian and fractional coordinate systems, crystallographers often use yet another coordinate system, namely reciprocal space. Reciprocal space is used specifically to facilitate the description of crystal faces and to describe the reflection planes in crystal diffraction.

To demonstrate how reciprocal space works, let’s have a look at the crystal morphology of sucrose, or beet sugar of which we see a huge mountain in a plant somewhere in Japan.
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What crystallographers discovered many centuries ago, is that when you look at a whole batch of crystals of the same material, the crystals may not all have the exact same dimensions and aspect ratio, but the angles between the faces are always exactly identical.

You can see sucrose crystals on several length scales on this slide showing this principle. The description of what crystals look like is called morphology.
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This shows a conceptual drawing of a very small crystal. Any smaller than this it would no longer be a crystal but rather an aggregate of molecules. If you look very closely, along the edges of the top face, you can wee the individual molecules.

Obviously, the reason that crystals form such nice crystal faces, is due to their particular arrangement in the 3 dimensional space. If you were to take a number of crystals and place them in the same orientation according to the faces on the morphology, the molecules and therefore also the unit cells would also be in the exact same orientation.
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If you look carefully on the previous slide, you would see that the molecules, and therefore the unit cells have translational symmetry that runs perfectly parallel to the edges of the crystal faces. To demonstrate this more clearly, on this slide I have drawn a 2 dimensional crystal with a number of unit cells drawn in it.

Again, you can see the unit cell vectors are parallel to the edges of the crystal. This principle holds for all naturally grown crystals, by the way.
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If we were to pick a set of unit cell axes, these would do just fine. Notice we are skipping the b axis to make this system 2 dimensional.

So we have a set of unit cell vectors a and c that run parallel to the top and side faces of the crystal. For clarity I have blown up the size of the unit cell vectors by a factor of 3 or so.
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Now we have drawn exactly the same crystal in a lattice space which is defined by the unit cell vectors. This is to show that the 3rd face, the small one on the top left and bottom right is in fact also parallel to something. That something is a linear combination of the vectors a and c. In coordinates, we can express this as the vector [1, 0, 1]. In general every crystal face observed on a crystal can always be expressed as being parallel to a linear combination of INTEGER unit cell vectors.

The very discovery of this principle, or the realization of its consequence led to the idea of the existence of unit cells many centuries ago.

How can we now identify a crystal face uniquely given the vector space a,b,c? In 2D we can simply define the face as the one running parallel to any of these vectors or linear integer combinations thereof. In 3D however, that does not uniquely identify a face. One way to do this is to search for 2 vectors, running parallel to the face. For instance the top face of this crystal if it had thickness, can be identified by the plane spanned by the vectors [0 1 0] and [0 0 1].
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Using sets of 2 vectors is not a very practical way. What for instance would be a convention to pick which vectors you would need?

A very elegant way to solve this problem is to define reciprocal space.

Let’s start by defining a set of vectors, which are ‘reciprocal’ to the unit cell vectors. reciprocal being perpendicular to the other two vectors. We can do that by defining the reciprocal vector a* as the cross product between b and c. This generates a vector that will be perpendicular to b and c, not in general parallel to a. Only when the unit cell angles are 90 degrees are the reciprocal vectors parallel to their real space counter parts. To obtain the length of the reciprocal vectors we divide the cross product by the volume of the unit cell, V. This is simply a trick to keep things mathematically sane.

I have drawn the reciprocal lattice vectors a* and c* in this example.

slide 37

On this slide I have replaced the vector space a,c, by that of the reciprocal lattice space a*, c*. In other words I have drawn the parallel planes that run parallel to the reciprocal vectors.

“What good is all this for?”, you may ask. If you now look at the orientation of the crystal planes with respect to the orientation of the reciprocal vectors, you may notice that the planes are perfectly perpendicular to those vectors. For the faces perpendicular to a* and c* this is immediately obvious. Let’s look at the small faces. When we draw a vector from the origin through the lattice point [1 0 -1] you can see that that vector is again perfectly perpendicular to that face.

So now we can define any crystal face by one vector in reciprocal space, which is perpendicular to it. The beauty of this is, that you don’t have to choose vectors anymore, there is only one reciprocal vector for each orientation of a plane in 3D space.

In mathematical terms we express the reciprocal vector, H, as a linear combination of indices h,k,l, by projecting them in (or multiplying them by) the vectors a*, b*, c*. This set of indices h,k,l is called the Miller indices, named after Miller who thought of this method first.

What’s also very elegant of this method is that we haven’t lost the property of integers. All crystal faces can be identified by integer numbers. In other words the set of morphological planes is defined by Miller indices that are formed by using only integer numbers.
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Using Miller indices to identify the morphology is now really simple. the top face, for instance, is now identified as (100), being perpendicular to the vector a*. The same goes for (001) with c*. The small faces are identified as (10-1) and (-101).

At this point I’d like to point out two conventions in crystallography. The first is the use of braces, to make clear with what type of vector we are dealing. The straight braces, [], are used for vectors in real space, for instance the unit cell vector a is [100]. Parentheses are used for reciprocal vectors, so a* is (100) and the Miller planes to identify crystal faces therefore also use parentheses. The second convention is to identify negative translations along the axes by an overbar rather than a minus symbol. And so, the [101] vector is opposite to the [-10-1] as indicated correctly in the figure. Typographically, Microsoft products don’t allow the use of overbars, so you often see the minus symbol in front of the index instead.
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If you by now fully understand how Miller indices work, please don’t pay attention to this slide. This is the traditional way of explaining Miller indices, which to this day, after more than 15 years of first having been introduced to this method of explanation still confuses me thoroughly.

I suppose since it is usually done this way, it is easier to do it this way for most people, so I will explain it this way nevertheless. “The Miller plane is defined by the plane that cuts through the unit cell axes by the fraction given by the Miller indices.” There you go. You asked for it by still paying attention at this point. Usually, as is shown here on this slide, textbooks then quickly move into an example, here the face (121) to show that it cuts through the unit cell axes at the points [100], [0 ½ 0], and [001]. Things become even a little more complicated when using this method when dealing with faces that are parallel to the unit cell vectors. The face (001) doesn’t cut through a and b which is why those indices are zero, because when you divide by 0 you get infinity which is exactly where the plane intersects the unit cell. Get it? 
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So here we have a real world example of a crystal morphology drawn in the proper relative orientation with respect to the unit cell. This is acetaminophen, by the way.

Even without drawing the reciprocal space vectors, you can picture them in your head, or if you use the traditional Miller method you can cut the drawn unit cell by the planes.
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In this slide, to exemplify how to calculate the angle between two given faces on the morphology, we start out by taking the (100) and (001) crystal faces.

With a basic insight in trigonometry you can see that that angle, theta, is the same as 180 degrees minus the angle between a* and b*. To solve this problem, which you will be doing in the homework, you must first express the reciprocal space vectors in xyz space. That is easily done once the unit cell vectors are expressed in xyz. As long as everything is expressed in Cartesian space, unit cell vectors, atom coordinates, reciprocal space, all calculations are fairly trivial.
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In this lecture I will talk about the spacegroup symmetry, which, besides the translational symmetry given by the unit cells denote the relative orientation of the molecules within the unit cell.

On this slide is the example of sucrose again, which happens to have a so-called two fold screw axis parallel to the b axis. I have drawn this cell with the b axis pointing straight away from us. With a little imagination, you should be able to see that the top molecule can be rotated by 180 degrees in the plane of drawing to obtain the other molecule and vice versa. What you can’t see in this figure is that that ‘crystallographic operation’ is accompanied by a translation along the b axis, hence it is called a screw axis.
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Spacegroup symmetry is somewhat tricky to do within the confinements of this course. It requires a lot of spatial skills to master this. Especially deriving the spacegroup symmetry from a figure is what most courses in crystallography spend a couple of lessons on usually accompanied by an endless set of examples to practice on. The sole outcome of this torture is to show certain people people that they do not possess the spatial skills to do this and in fact never will.

Since this is a molecular modeling course and not a crystallography course, I will not go into that part. Here you will simply have to accept that a crystal structure has spacegroup symmetry and that the clever ways of crystallographers are beyond our scope. What is important to know is that spacegroup symmetry comes in 230 varieties. Each of them has a standardized symbolic name. the symbols denote spacegroup operators, which I will discuss later.

On this slide I am showing you that we really don’t need to learn 230 spacegroups as most of those possibilities occur extremely rarely, certainly for molecular crystals. this table shows that if you understand the symmetry of “p two one over c” you understand more than a third of all molecular crystal structures. more than 80% of all structures crystallize in only 10 spacegroups.

What is important to realize in these spacegroups is that soe spacegroups can harbor chiral molecules and other cannot. If you don’t know what chirality is at this point, forget this statement, but if you do then it is easy to realize that chiral spacegroups cannot possess mirror symmetry.
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On this slide I have refined the statistics of the previous slide slightly by considering a more representative set of molecular compounds by looking for “activity” that is by only looking at biologically active compounds and requiring the quality of the data to be better that 5%. I’ll talk about this so called R factor later in the course.

Notice that we now cover 93% of all structures by only 10 spacegroups, although these are not all the same as on the previous slide.

The CCDC has provided many ways to look at statistics in their databases, but drawing conclusions from these exercises is always a risky business as there is always the effect of structural bias in that certain structures are better represented than others.
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So let’s talk about these symmetry operators a little bit more. Don’t worry; you can get by in this course without fully understanding all them.

As said, there are 230 spacegroups, each of which is defined by a certain set of symmetry operators. These operators can be classified in groups. The first is the centering operator. This corresponds to the first symbol of the spacegroup identifier. I will show this on the next slide.

the centering symbol is followed by one or more operations indicating, no operation, or identity, inversion, rotation and screw axes, mirror planes and glide planes and finally rotoinversions. As we shall see in a bit, all these are essentially combinations of translations, rotations and mirroring.
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Centering is relatively simple to understand. Given the most common space groups we only saw primitive, P cells and C centered cells, marked C.

What the centering means is that molecules (or more properly said “asymmetric units”) may occur in exactly the same orientation within the same unit cell. when no such thing occurs you are dealing with a primitive cell. Each point of the unit cell is only reproduced once within that cell.

In principle all unit cells can be made primitive. When you think about the kitchen tiles with the flowers on them, it’s simply a matter of redefining the unit cell vectors to do so. However, sometimes it is more practical to use centering, for instance to obtain rectangular unit cells and to express the symmetry operators in a more elegant way. It is strictly due to the conventions chosen by the crystallographers of how the unit cells were defined. There is no physical relevance.

In all the other cases each point in space reoccurs at another point or other points. For the C cell, for instance, each point in space [xyz] appears identical to the point [x+½ y+½ z]. Besides the normal translational symmetry of [x+i y+j z+k] where i,j,k are integer numbers, of course.

Missing from this slide is the rhombohedral centering, which is fairly uncommon for molecular crystals, but is shown on the next slide nonetheless.
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On this slide are given the identical translation operators any given point in space for all types of centering. So for P centering, any point [xyz] is generates an identical point at [xyz] + [000], which is [xyz] itself. 

The body centered centering I, has besides that point a point [xyz]+[ ½ ½ ½] that is identical by translation symmetry.

Notice that the A, B, and C centering are in principle identical. One can be obtained from the other by simply rotating the entire system. The face centered, F, is a combination of all three.

Rhombohedral centering has three identical points at thirds of the unit cell.
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To explain the symmetry operators I am using this example of a pair of painted hands. These hands were taken from a medical site which showed a patient with nerve damage. The blue painted parts had no feeling left, I believe.

The purpose of the hands is to show the difference between rotations and mirroring. A mirror plane, denoted by the symbol “m” transforms a left hand into a right hand and vice versa. The 2 fold axis, on the other hand, creates a left hand from the left hand by the operation. You can reproduce this by rotating one of your own hands along the axis formed by your middle finger. It is clear that no matter how you turn your left hand, it will never look identical to your right hand.

The inversion is the least intuitive of the operations without translation. It can be understood in two ways. First there is the mathematical explanation, namely that every point in space is related to another point in space by a vector that runs equidistantly from the given point through the inversion point. As an exercise, you may draw a line from each fingertip to the corresponding fingertip and see that 1) the inversion center is always exactly in the middle; and 2) that all lines go exactly through that point.

Another way of understanding the inversion is by doing two operations immediately after one another. Those operations are a mirror plane and a 2 fold axis. It doesn’t matter how you place the mirror plane and the 2 fold axis, as long as they are perpendicular to one another. Also, the order in which the 2 operations are carried out doesn’t matter.

slide 49

For the operations with translations, you may again understand these as a combination of two operations at the same time. In the case of a screw axis, you can understand this by imagining what happens to an actual screw. As you turn the screw clockwise, it is driven into the wood. Depending on the particular thread of the screw it may go in slower or faster. With screw axes, there is a given limitation by how much the hand must move. To prevent violation of the translation symmetry, when applied multiple times, the hand must overlap the position of the hand in the next unit cell. This means that in the case of this 2 fold screw axis, after being rotated by 180 degrees it must shift by half a unit cell. this is depicted by the animation. You can understand that a three-fold screw must rotate by 120 degrees and translate by 1/3 unit cell and so forth. Only 2,3,4 and 6 fold axes exist.

the glide plane is to a mirror as a screw is to a rotation. In this case the hand is first mirrored in the plane and then translated by half a unit cell. Notice that there can only be the translation along half a cell, because a mirror generates unity by being applied twice. The symbol used for glide planes depends on which axis the gliding is being done. a along a, b along b, etc. special glide planes translate along diagonal vectors, such as the n and g glide planes.

The final type of operations is not demonstrated here, the rotoinversions. You can imagine that these are a combination of a mirror, a rotation and a translation.

It is important to understand these operations not as motional actions, which these animations may cause you to think they are. The animations are there simply for you to conceptualize what is going on with these operators. You must realize that the operations simply cause those points related by the operations to be symmetrically identical.
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All the spacegroups and related information is given in the IUCR international tables for crystallography. In that book the spacegroups are depicted as a diagram as is shown in this example.

On the top line, in blue, there is the shorthand spacegroup symbol. This symbol is not a very good thing for didactical purposes. The full name, is more clear about what the spacegroup is doing. There are always 3 groups of symbols after the centering indicator. In this case, P 1 21/c 1 means that there is noting going on along the a axis. There is a combined 2 fold screw axis and glide plane along the b axis and nothing along c. Then there is the point group symmetry and finally the number. In the pictorial schemata the operators are drawn  to help you understand what is going on in a spatial sense. It goes too far to try and explain all the symbols and spatial arrangements of the operators. What is far more instructive is the list of operators. What that list does is to shows which points in the lattice, (and thus we have to use abc, or fracttional coordinates for this to work) are identical to which others. In this case, for example any point [xyz] is identical to any of the related points [-x ½ +y, ½ -z], [-x -y -z] etc. Notice that the [-x -y -z] is the inversion operator, when the inversion point is laid on [0 0 0].

Notice the tables are slightly inconsequent where it comes to applying the overbar versus the minus symbol for the operators.

At the bottom of this slide is a link to a very helpful program called spg. It is a simple interface that can show all the specifics of the spacegroups. This is good time to download and install that program.
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Here we look at the general form of a spacegroup operator. Mathematically, an operator can be expressed as a combination of a rotation matrix, R, followed by a translation vector, T. This way we can generate a point r’ by performing the expression shown.
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On this slide I show the 4 operators of the spacegroup p two one over c. Notice how the translation vector is simply the numbers that follow the x,y, and z-s.

For this spacegroup the rotation matrices are also fairly simple to understand as they only have elements on the diagonals. when the operator has an overbar the corresponding matrix element is -1, and else it is simply 1.

As long as the atomic coordinates of a crystal are given in fractional coordinates, you can see how easily the other symmetry coordinates can be generated by these operators. That is why listing coordinates in fractional is easier for most purposes.

Compare the output of the program spg with this data.
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Here we see an example screen of the program spg for the spacegroup Ibam. which I mentioned before.

For instructional purposes, you should always turn the centering data on by checking the ‘All’ box. Notice how the I centering adds a copy of each line with a vector [½ ½ ½]. When a ½ already existed, the translation can be omitted, because a translation of ½ + ½ is 1 and that is already covered by the regular translation symmetry.

when you click through the list of operators you see the rotation matrix and translation vectors change correspondingly. There is a lot more data shown in this program, some of which will be discussed later.
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When you go through a number of spacegroups in the program spg, you should notice that the number of operations is always the product of the number of operations in the spacegroup symmetry. In the case of p 21/c there were 4 operators, in the case of Ibam there were 8 (16 when including the centering) and so on. What is important to know is that operators are always related in the sense that they can operate on each other to produce another operation. The general theory that describes this kind of logistics is called group theory.

It goes too deep to fully cover group theory in this course, but let me explain the consequences by giving two examples. First, there is the simple example of subtraction and addition. In this particular case I have shown that the algebraic expression of 1+2=3 is identical to 2+1=3. You can simply exchange the numbers, the outcome is the same. Secondly, I can subtract one number from the sum, yielding the other number again, ie 3-1=2 and 3-2=1. Given the initial operation of d+e=f is a valid sum, the operations e+d=f, f-e=d and f-d=e are also guaranteed to be true. This relation of operations is called a ‘group’. As an exercise you form groups of multiplication and division, exponents and logarithms and so on.

As a second example to see how spatial operators generate other spatial operators, we can look at the point group 222, such as is relevant for the spacegroup P 21 21 21. when we take a book, for example, with on the front of the book printed a large F and on the back a B, we can rotate that book first around the vertical axis (marked |) and then around the horizontal (-). You should now see that by doing these two operations you have effectively rotated the book by the axis perpendicular to the table. The F is showing again, but upside down. In other words, that third operation automatically followed from the previous two. Just like a subtraction automatically follows from an addition. For completion, the unit operators, 1, “doing nothing”, are also shown which produce the identical orientation of the book. 
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Here I show the group that is generated by the spacegroup P 21/c. You can see by applying the two fold axis after the inversion, or vice versa that you move diagonally in the diagram. This generates the c operator. A group is called complete, when by applying each operator on each other operator generates operators that were already included in the group.
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The international tables, which the program spg adheres to, list the spacegroups according to the 7 crystal systems. spacegroups 1 and 2, P 1 and P -1, “P bar 1”, are triclinic. The spacegroups numbered 3 through 15 are monoclinic and so on.

For molecular crystals there are about 10 spacegroups that represent 93% of the structures.

A unit cell is listed in the crystallographic parameters a,b,c,alpha,beta,gamma, but for all purposes of doing calculations, the coordinate system needs to be transformed to a Cartesian system.
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The spacegroup is identified by a centering type, followed by a set of spacegroup symbols.

A complete crystal structure can be given by listing the crystallograpic parameters, the spacegroup and the coordinates of the asymmetric unit.

The point group symmetry is simply given by removing translation from the spacegroup operators. Given the spacegroup symmetry of a structure, the crystal morphology of those crystals will behave according to the corresponding point group symmetry. More about this follows in the morphology chapter.
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According to the previous slide, a crystal structure can be defined by a small set of parameters. The CSD, the “cambridge structural database” is a database that was created and is maintained by the cambridge structural datacenter. The file format they use is called CIF, which is a standard that was adopted by the IUCR, the international union of crystallographers. along with the CSD database, the CCDC provides a search and retrieval program called conquest and an advanced  visualizer called mercury. Purdue has a campus license to this software, which you will need for the homework assignments.
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As an example I will walk you through the cif file for one of the structures of caffeine. comments in these files are inserted by starting a line with a hash symbol. Cif files typically start by some legal stuff.
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The actual data starts by a line starting with data.

all subsequent data entry fields have the form _datatype data.

On the fourth line you can see the refcode, which is the identifier under which you will see this structure in conquest and mercury.

The formula moiety data shows a multi-line data entry. the actual data is surrounded by semicolons. This particular field shows something interesting, namely that it has two molecular entities, one of which has one oxygen and two hydrogens: water! This structure must therefore be a hydrate.

In the scientific reference you can see a loop command. In that loop are the names of the authors that solved and reported this structure. A loop continues until a line is encountered that starts with an underscore character.
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The file continues with some information that is not so interesting to us right now.
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Here the data is a bit more interesting. First we see the so called R factor that I mentioned earlier. The lower the R factor, the better the quality of the data.

6% is not fantastic, but typically good enough for modeling purposes.

the space group name is also shown here. the standardized names were introduced by Hermann and Mauguin, by the way.

Notice that the safest way to report the spacegroup operators is by actually listing the operators. This is because spacegroups can exist in different settings, the defaults of which have changed over the years. This is followed by the unit cell parameters. 
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On this slide is the final part of the file which shows the atomic coordinates again listed in a loop.

Notice that the data field indicates that these are fractional coordinates.
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This is what our cafine01 file looks like in Mercury. The default is that only the asymmetric unit and the unit cell is shown. The origin of the coordinate system is marked with an ‘O’ and the axes each have a different color, in the order R-G-B, red-green-blue. In this case, the asymmetric unit consists of a caffeine molecule and a water. The latter is marked “O3” since there were already two oxygens in the caffeine molecule. Notice the absence of hydrogen atoms on the water molecule. This is because their positions weren’t properly determined by the experimental techniques used.

By now you may realize that there are no hydrogens visible in the model whatsoever. 
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You can look around in the model window by dragging the mouse. Here we have zoomed in a little further.
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Here we have gone from the CAFINE01 structure to CAFINE. This data does have hydrogens placed on the caffeine molecule, still none on the water.
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We go back to the original zoom level and…
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…click on the Packing button. Now the structure has all the molecules generated by the spacegroup symmetry. Notice that there are now 4 caffeine molecules in the unit cell which form a nice space filling pattern.
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The CCDC has collected data over more than thirty years. In the early years, the quality of acquired data was far less accurate than it is nowadays.

Being experimental data, obtained by people, you must always be aware of a number of problems that may exist in the data.

The most common problem is what we have already seen, which is missing hydrogens. The reason this is so common is that most structures are determined by X-ray diffraction, which simply does not ‘see’ the hydrogens. When all hydrogens are present, many times they are placed by a person or a simple computer algorithm. Typically the distance to the covalently bonded atom is exactly .95 A in those cases.

Another common problem is disorder. Due to the fact that atoms don’t sit still even at liquid nitrogen temperatures, sometimes they are observed as a time-averaged blur. It is impossible to pinpoint their exact location at any given time. The effect shows sometimes by the same atom drawn in various locations. Sometimes the affected atoms are not shown at all.

A much more difficult problem is when the spacegroup in the determination of the structure was incorrect. You will not be able to tell so easily when this problem occurs unless you are an expert in crystallography.

Older data may suffer from very high R factors, (> 15%). these cases typically indicate that older refinement programs were used at the time, that the data was collected at room temperature, or that the X-ray source was very broad.

It may surprise you that typo’s were made frequently in the time when data was still typed over from printed materials. Nowadays submissions are done electronically, so this typically affects older data. Atoms may appear at completely erroneous positions because of this, but typically those errors would have been noticed. Much more frequently a subtle exchange of numbers leads to a small enough error to be noticed, but leading to disastrous effects when calculations are performed on the structure.

Finally, a lot of data suffers from the complete absence of atomic coordinates. Mercury will only show the unit cell in those cases. Typically what happened was that people managed to index the structure but could not solve it. Often times because they did not try the correct spacegroup symmetry or because the unit cell was wrong.
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I have already mentioned X-ray diffraction in previous lectures. Nowadays X-ray crystallography is a very powerful technique that can e utilized to solve crystal structures. That is, to determine the positions of all the individual atoms in a crystal. As should already be clear from the previous lectures this is the most important technique to generate the data needed for molecular modeling on molecular crystals. therefore I will spend some time talking about this technique.

X-rays were discovered in 1895 by a German called “runt-ch-jen”. You can imagine this discovery rocked the world. On the left we see the famous first X-ray image that Rontgen took of his wife’s hand. For the first time people could see the bones of a living person. The cartoon on the right says Beach-scene according to Rontgen and first appeared around the year 1900.

Rontgen won the very first Nobel prize for this discovery in 1901.
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Just about at the same time, two researchers, Haga and Wind theorized that the typical frequency of X-rays was in the order of 10 to the minus 10 meters. This of course being a much higher energy source of radiations than visible light.

In the diagram above, you can see that we now classify X-rays over a range of more than two order of magnitude.

Max Von Laue, also a German researcher theorized that X-rays might be of the order of interatomic distances and may therefore be diffracted by them.

It turned out he was right, for which he won the Nobel prize as well in 1914.
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The researchers who first performed the experiment suggested by Von Laue were Friedrich and Knipping. Here we see the first successful X-ray experiment performed on copper sulphate pentahydrate.
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Although von Laue was correct in his prediction that diffraction might occur, it wasn’t immediately obvious why the diffraction patterns appeared the way they did. Father and son Bragg came up with a theory that won them the Nobel prize for physics in the year after Von Laue. The Braggs came up with what is now known as Bragg’s law. It states that diffraction is only seen when the angle theta of the incident beam is such that twice the interplanar distance times the sine of theta must be an integer number of wavelenghts of the radiation. The geometry of this law is given in the figure and can be seen as the difference in wavelengths of the red and green parts of the wave. any other angle than these angles (n can be 1,2,3,…) results in destructive interference hence no outgoing radiation is observed. Although this image is theoretically not entirely correct, or complete, this is the way this law is explained in almost every textbook.

What is wrong than with this image? Well, X-rays are not reflected by atoms in the way they are drawn in this figure. The complete picture was later given by the theory of quantum electrodynamics (QED) for which Richard Feynman won the Nobel prize in 1965. The effect remains the same however, and diffraction peaks still follow Bragg’s law.

In 1923 the very first molecular structure was solved from X-ray diffraction data. Nowadays the methodologies are refined to such an extent that on average a crystal structure can be obtained within an hour.
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When calculating diffraction related stuff such as you’ll be doing yourself in the homework assignments, the frequency of the radiation must be known. Nowadays molybdenum and copper are the most common X-ray sources used. The way this works is that high energy electrons are shot into a bulk of those metals. This causes some atoms in the metal to be excited. Effectively, some electrons are pushed from the K shell in the atom to the higher level shells, L, M and so forth by the impact of the electron. Shortly after, upon relaxation of the system, the excited electrons fall back. There are different transitions, such as the k-alpha, where an electron falls back from the L shell to the K shell. K-beta transitions belong to electrons falling from the M shell to the K shell; L-alpha from the M to L and so on.

It must be noted that each of these events release a photon that carry a very specific energy, all of which are in the range of X-ray radiation. See the table for the specific frequencies. Notice that each of the frequencies have two occurrences e.g. K-alpha-1 and 2. which is due to the splitting in energy levels in the 2p orbital, the k-beta-1 and 2 due to the split levels of the 3p and so on. 

slide 75

As mentioned before, hydrogens can really not be seen by X-rays. This is due to the fact that X-rays are scattered by the electrons of the atoms and hydrogens simply don’t have that many. neutrons on the other hand are scattered by the nuclei of the atoms and therefore the hydrogens can be seen using neutron diffraction. Some data in the CSD is determined using neutrons from which the hydrogen positions are far more reliable.

Neutron sources are scarce around the world, however, only 20~30 exist. In January 2008 the pulsed neutron source at Argonne national labs had to close due to lack of funding.
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In  this slide we see the results from a modern X-ray experiment. In principle it is no different than the first experiment done in 1912, except that the intensity of the radiation source is much higher and that the beam is of much better quality. Also, the photographic film has been replaced by a charge coupled device (CCD) which is similar to the one in a camera phone or digital camera except a lot bigger.

In this particular series of frames the crystal is rotated revealing a different pattern for each orientation. The intensities of all these peaks are eventually used to determine the structure.
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In this and the following slides I will show simulated diffraction patterns for the zincblende structure. You can see the correlation between the pattern of the atomic structure and the pattern of the diffraction peaks.
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If you look at just the yellow atoms, they are effectively square and so is the peak pattern.
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When viewed along [111] the patterns appears hexagonal, and again so does the diffraction pattern.
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Here we see the reciprocal effect of diffraction. The spacing along [101] is relatively wide. The spacing of the spots in the diffraction pattern is therefore narrow. The trigonal pattern is the same.
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Finally, along [201] the atoms appear very close. The spot pattern is therefore very thin.
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Here we see what happens to an incoming X-ray beam when hitting a crystalline sample; in this case ethanol under high pressure. As shown in the previous slides, the incoming beam will be split in a number of different orientations giving rise to a pattern of multiple spots. As should be clear by now, due to the interplanar spacings of the lattice, the positions of the peaks are completely determined by the lattice vectors. In other words, the system can be fully indexed by measuring the peak positions. This was often done with film based cameras.

But what determines the intensity of the outgoing beam? When you look at where the beam is being scattered that is of course there where the electrons are in the structure. These are mostly located close to the atomic nuclei. when we draw a vector of the incoming beam and one of the outgoing beam form each of the atoms, is becomes clear, that for each angle of the two beams, the relative distance of the signal traveled is different for each atom. At the outgoing beam, the individual signals are therefore no longer in sync with one another, as is indicated by the dashed wavefronts. As we shall see in the next slide, these slight shifts in the phase of the outgoing beam lead to the intensity of the diffraction peak.
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So it is in fact the phase shifts of the broken up beam that leads to the effect that when these ‘beamlets’ are allowed to interfere cause the intensity. On the left example, the phase shifts are relatively small. Where there is a peak of one of the sine waves, so appear the other two. The resultant total signal is therefore almost 3 times as strong as the individual signals (the waves literally add up). On the right side, the relative phase shifts happen to be around 120 degrees. You can see that that results in a sum signal that is nearly fully extinguished.

You may imagine that calculating the intensities of the various diffraction peaks given the molecular structure is a piece of cake. And it in fact is. The problem is when we are trying to determine the structure based on the intensities. Since we can only measure the resultant total intensity of any given peak - not the individual phase shifts - it is very difficult to find the atomic positions based on the peak intensities. This is called the phase problem in crystallography.

Fortunately, for small molecules very smart computer algorithms can nowadays, more or less by trial and error come up with the proper solution of the atomic positions within several minutes.
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The formal way of adding up the scattering behavior of all the atoms in the unit cell is shown in the top equation. F is the structure factor, which belongs to a particular reflection h. h is a vector in reciprocal space. x is a position in the unit cell; other textbooks typically use r as the symbol. “rho of x” is the electron density at that given point. The structure factor is the sum of the complex exponential, which to understand this properly, you need to understand complex number mathematics for. The outcome of that integral, is a complex vector, F of h. This may be interpreted as the size of the vector being the ‘strength’ of the signal and the phase is the angle of the vector in the complex plane. You can forget all that as long as you understand that this can  used to calculate the intensity of a particular diffraction peak I(h).

So once you know the electron density distribution this intensity can be calculated. When the whole expression for the structure factor undergoes a Fourier transform, you obtain the second expression, which expresses the electron density at a given point x as a sum of structure factors.

So you might think that by simply measuring these structure factors, you can easily calculate the electron density distribution. This is true, except it is impossible to measure structure factors. You can only measure experimentally the intensity of a signal. That is, you loose the information about the phase of the signal, which is another manifestation of the phase problem mentioned earlier.
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This diagram shows the route taken to now use the information measured in a diffraction experiment to obtain a set of crystal structure data.

First you must of course have a crystal which is then mounted on a diffractometer. Then a quick zone scan is typically done to simply look where there are strong peaks. this is then used to figure out how the reciprocal space vectors are located with respect to the crystal. This procedure is called indexing. It is of course trivial to deduct the unit cell parameters once the reciprocal space vectors are found. As part of this analysis the Laue class is determined, which will eventually allow for a good guess toward the spacegroup of the system.

Based on this information a data collection strategy is chosen. That process is nowadays completely automated. In essence the crystal is oriented into several orientations and a pattern is collected on a CCD detector. The intensities of each peak is measured by simple integration of the signals.

Once all the data is collected a computer algorithm then takes educated guesses as to what the atomic coordinates might be. (this is typically done by a monte carlo search procedure which is treated later in this course)

The final step of the process is the refinement. In that process the structure factors are calculated from the proposed coordinates. This is then compared to the observed ones. Then some small changes are made and the process is repeated. When the match becomes better that change is accepted otherwise something else is tried. The refinement is done when no more improvements can be found.
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What determines how good the atomic coordinates are fitting the observed data? This is where that R factor that I talked about earlier comes in play.

In this expression we see how the R factor is calculated. It is quite simple the sum of the differences in observed and calculated structure factors weighed by the total sum of observed structure factors. Obviously a perfect match would give exactly the same structure factor for every diffraction peak and all the differences will be zero. An R of 0% would this be perfect. This is impossible to achieve because there are always experimental factors in play causing some noise in the collected data. 1.5%-2% is already considered very good. 2-5% is still fairly decent. It strongly depends on how old the dataset is what you should consider worrisome. Anything above 15% is typically cause to mistrust the data.

Some attention is necessary, because the R factor is sometimes calculated based on intensities (F squared) in that case the percentages can be a little different. For good measure and to avoid discussion most refinement programs simply produce both numbers.
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Determining the structure of a crystal seems trivial based on what we have seen from the previous slides, but it isn’t always so. There is still the experimental step of obtaining a good quality crystal that may be a limiting factor. A lot of materials, upon solidification, do not form large enough crystals but a powder. A powder is essentially a large collection of really small crystals. Not always though, as their may be a complete absence of crystallinity, that is as discussed in the first lecture of this course it may be amorphous.

If you would look through a really strong microscope you would see something like what you see in the right figure. The crystals are oriented in more or less random orientations. Let’s see what happens to an X-ray signal when a powder like this is illuminated.
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You can image that if you have a large collection of crystals rotated around the axis of the beam, that instead of a single pattern of peaks you would get a superposition of this pattern with all of the possible rotations of that pattern.
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That superposition would give you something like this. Rings of diffraction signal. This one is what you get when all the crystals are facing their (111) face to the diffraction beam.
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Here we see the same superposition of all the orientations of the (201) face.
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(101) etc.etc.
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We can do this exercise for all the possible crystal faces.

The X-ray beam is seeing all those orientations at the same time. Hence you would end up seeing all of the previous slides superposed getting you…
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…this! 
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Now imagine making an apparatus that would scan a simple point detector through these rings and plotting the intensity encountered as that position. In the figure we would be scanning with a detector along the red arrow.
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This procedure will give you an X-ray powder pattern.

What a lot of people at this point would have intuitively thought was to see a blur of thousands of lines overlapping. This does not happen however. Remember the reciprocal effect of the lattice? Any orientation of the crystals that do not match the low integer miller indices of the ones that I showed in this example, e.g. the (10 7 5) will have a very narrow distribution of atoms. Therefore the diffraction angles will be very high and will therefore only show up as weak signals at the far right hand side of the powder pattern.
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Notice that the scanning is always done by angle, hence the theta on the x axis. This angle of course matches the angle governed by Bragg’s law.

This particular pattern was analyzed with a copper tube, the frequencies are shown on the slide.

What is important to remember is that each peak in this pattern corresponds to a particular interplanar distance. Just as in single crystal X-ray diffraction the peak positions are completely determined by the dimensions of the unit cell, whereas the intensities are determined by where the atoms are in the unit cell.
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Let’s have another look at those interplanar distances again. In this slide I have drawn a couple of ‘netplanes’ that can be seen in this particular orientation of the crystal. You can see that the interplanar distance of a certain netplane is simply the distance between two planes (shown as lines in 2D projection) that are drawn between identical positions of the atoms.

Two things are important here. The first is Friedel’s law. That law simply states that a netplane (hkl) has the same thickness as a plane (-h-k-l). Unlike a mirror that only shows the mirror image on one side. The atoms are indiscriminative in how they react with the X-rays, no matter from which orientation they come. This causes both netplanes to react in the same way to the X-rays.

The second is that there are so called ‘forbidden’ planes. Some of these netplanes are forbidden, because somewhere in between the netplane an identical netplane can be drawn.
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Here we see the corresponding diffraction pattern. Indeed the Friedel’s law is obvious, as the pattern has inversion symmetry. In other words, for every diffraction peak (hkl) you can find a peak (-h-k-l) with the same intensity.

The second is somewhat less obvious unless you know what you’re looking for. Look for the (10-1) peak. Exactly, it isn’t there. That’s because it is forbidden. I’ll come back on this forbidden issue in a little bit.
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Can we now calculate the position of the diffraction peaks for a given crystal? Yes and here is how.

For a given plane, (hkl) you can determine the vector h. With the way reciprocal space works, the interplanar distance of that plane is given by 1/|h| for the rest you simply use Bragg’s law with the right wavelength, lambda, for the X-ray source used. Notice that there will be cases where the left hand expression may give rise to a number larger than one. That reflection simply does not produce a visible reflection.

You may have noticed that the X-ray patterns didn’t have theta on the x-axis but 2 theta. This is because the angle reported is the total angle between the source and the detector.
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In step three of this methodology if you take n=1, you get the principle reflection. You can also take n=2,3… those peaks do actually exist.

In step four it is really important to make sure you have the correct units for the reciprocal space vector as the wavelength for the X-ray used. One is typically in Angstroms the other in nanometers.
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As promised I would spend some time on the forbidden reflections. What causes this is the effect of having an identical plane created by the spacegroup symmetry that is at half the size of the unit cell vector.

In this example I have drawn atoms in a lattice possessing a 2-1 screw axis. You see that an identical plane is created because of this halfway at the unit cell. What this would do, is that that plane will start acting as a netplane too and therefore cause the same interference behavior as the original plane. Effectively, the reflections belonging to the (010) plane become extinguished by the presence of the intermediate planes. You can draw the Bragg diagram for yourself to show this if you don’t believe me.

Effectively the (010) does not exist as a netplane, but the (020) does, which is simply half its width.
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Now let’s have a look at that good old Space Group Explorer again. Notice the field called “conditions limiting possible reflections”. For this spacegroup you see 0k0 with k=2n. That means that only planes with an even number for k are allowed if h and l are zero. Notice now the role of the translation vector of the spacegroup operator, which is (0 ½ 0). If you would apply the operator on 0,1,0 you would get (0 ½ 0) ! That means that for every X-ray scattered at a position (xyz) there would be one at (x y+½ z). And that difference gives rise to a phase shift of 180 degrees thus causing complete destructive interference.

Reflections off of the (020) plane will give rise to a phase shift of 1 whole wave length, meaning complete constructive interference.
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The story doesn’t only apply to 2 fold axes. All types of screw axes and glide mirror planes are affected by this.

In the case of a three-fold axis only one third of the net planes are allowed, etc.
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In this slide we may notice yet another situation that causes forbidden reflections, namely those caused by the centering symmetry.

In general the rule is that when the rotation matrices generate the same orientation for a given orientation, there may not be a fractional translation of the accompanying translation vector.

We will go into this a little bit deeper in the homework.
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Here is an example of what we can use simulated powder data for.

In this example in the top two diagrams are data that were measured from a sample stored in a lab. The left diagram was taken before storage, the right was taken after. Clearly something had happened to the sample causing the diffraction data to look completely different.

Using Mercury, the powder x-ray diffractogram was calculated from a known hydrate structure of that compound. It clearly matches the experimental data. What had happened was that the sample was stored in too humid conditions.
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Here we see a comparison between a calculated pattern (top) and experimental data.

Notice that the two are not as good a match as the previous slide showed. What is going on? Is this the same stuff or not?

There are a couple of effects that can cause an experimental difractogram to look slightly different. Most notably there is peak broadening due to thermal effects, the X-ray beam, etc.

Another effect is that the peak intensities may not be exactly the same. This can be due to an effect called preferred orientation. the assumption that all orientations of the crystals occur at the same time is not always completely correct especially when the crystals are oddly shaped such as needle-like or like pancakes.

If you look on the far left in the experimental diffractogram, you can see two very broad peaks. In this case those are impurities that are present in the material. Impurities are pretty difficult to deal with from a computational point of view. The GIGO principle holds: garbage in, garbage out.

In general, however, the peak positions do not change. The only exception is the effect from thermal expansion. Especially when comparing data that was determined at liquid nitrogen to data collected at room temperature you may see small peak shifts occurring. Never more than a very degrees though.
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In chapter 1 we saw this figure. We have covered some of the basics of how we describe crystal structures mathematically and how we can retrieve crystal structures from the CSD. In this chapter I will talk about where we can take modeling from here.
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Let me first start by defining the term “modeling” and cover its basic philosophy.

In this figure we see a classic figure of how people imagined the world. We see a half-sphere world which is held up by three elephants. This in itself is an interesting view of the world, which if you don’t give it much further thought may keep you happy. After all, it takes an elephant to carry heavy stuff, so REALLY heavy stuff requires 3 elephants. The model of the earth makes perfect sense. That is, until you ask the question, what holds the elephants? So to answer that question people came up with the idea that that must be a giant tortoise. But now you may ask what holds up the tortoise? And that we haven’t figured out yet.

The philosophy here is that there is a dogma that the earth needs to be ‘held up’ by something otherwise it will fall down. By asking more and more questions of how the mechanism works eventually that dogma must be broken.
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So then a more advanced model of the earth came about. Notice that the earth is now a flat disk. That is a step backwards from the previous model, obviously. This model no longer answers the question what holds up the earth, of course, but that a silly question to begin with.
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Then came the geocentric model. This model is an expansion of the previous model which only had clouds and the sun. Because of the new discoveries that had been made of certain planets that had to be fitted somehow.

The geocentric model places the earth in the center of the universe, and the rest of it revolves around it. To explain why certain things are at different distances, a shell model was invented. The planets can be hung onto those shells like paintings on a wall. Each shell rotates in complex patterns. The largest shell is contains the stars, which rotate more or less constant.
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When people started to study in greater detail how the planets were moving exactly, this model required an addition. Planets in the sky go back and forth -- a so-called retrograde motion, which is indicated in the figure on the left. This was eventually explained by putting the planets on circles which independently turned from the ring it was turning on.

By refining all the sizes of these circles and their rotational velocities eventually a complete model emerged that actually did pretty well in predicting the exact location of all the planets in the sky.

The model working so accurately was the perfect proof that it had to be true, right?

You can see what this example of our understanding of the universe is showing. Due to our limited understanding of how things actually work, we have to come up with a model that describes the system. When the model does describe the system to an acceptable accuracy so that it can be used to make good predictions, it doesn’t need to be necessarily based on the correct physics to still be useful.

On the other hand we see that mankind will always be dogmatized. Getting rid of old ideas is always hard because of how the human brain resents to accept something new when the existing idea worked to satisfaction. When we finally do accept a new model we tend to think we finally got it right this time and the cycle starts over.
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A perfect example of how difficult it is to introduce new ideas is that of Galileo, who tried to re-introduce the idea that not the earth but the sun was the center of the universe. That found much resistance because of the established beliefs and the pope put him on house arrest until he would denounce his ridiculous ideas. To this date, we regularly see the conflicts of especially religiously founded dogmas lead to conflicts with scientific ideas.

Obviously the heliocentric idea was a much better model. All the planets revolve around the sun and revolve around their own axis. The whole model of the universe could be reduced to two parameters per planet and besides being more simple and elegant it was also more accurate.

But is the sun the center of the universe? We now know it’s not. Is there even such a thing? Is asking the question of where the center of the universe is even a valid question?

Notice the parallel with the validity of the question of what’s holding up the tortoise.
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And so now that I’ve shown you the basic philosophy of what a model is, I will formulate that concept within the boundaries of this course as follows:

A model is a description of a system to a level of accuracy that is useful to explain, calculate and predict certain properties of that system. It doesn’t necessarily need to meet and include all that we know about its physics to make it a useful model. After all, we must assume that our current understanding of its physics is limited and will sooner or later change or be refined, which may invalidate that model. A the same time we must realize that the model that we accept and use has limitations. A scientific approach to  “modeling” is therefore to include the known limitations of the model used in the analysis of the system. If you don’t do that, any use of a model will be dogmatizing and eventually lead to false conclusions.

Notice that within this definition multiple models can exist to describe the same system. Different models will however have different levels of accuracy, different limitations and therefore different applicabilities.
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If we accept there is no complete level of understanding of everything there is to know, or “life, the universe and everything” to quote Douglas Adams, than there is a level of knowledge that is a subset of that, i.e. the collection of things that we do know (or think we know). Bridging these two things are theory and observations. These things are typically not completely unrelated, obviously, and oftentimes they are connected by models. When a model is leaning more towards the side of theory, we tend to call those models 1st principle models. Then they lean more towards the observational side, they are empirical. you can fit any data with a polynomial whilst having absolutely no idea about the theory. Ideally, when we do modeling we would like to have based the model that we use on some sort of theoretical foundation. We can of course choose to ignore some aspects thereof, maybe to make our model more simple and applicable; computationally faster maybe, or simply because there is no analytical algebra to describe the system.

On the other hand, anyone can come up with the most fantastic theories, but without any observations those theories are generally not accepted. Some theories will describe systems that are way out of reach for us to make direct observations about. for instance, as was shown in chapter 1, crystallographers came up with the idea of the existence of unit cells long before they even fully understood what molecules where. Let alone the use of advanced machinery to produce microscopic images and do X-ray analysis. However, a model made of cubes in a way that showed how the various crystal faces could be formed made it much more acceptable as a theory.

It is clear that models can tie theory with observation and lead to an increase in interpretation of what it all means.
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So what is modeling, or at least, how is it interpreted within the boundaries of this course?

A model is some sort of description of a system that ties our observations to reality.

A model is successful if it can be used as a tool to interpret reality and ultimately to predict it.

A model is generally regarded to be more elegant if it is sufficiently founded by theory yet being as simple as possible.
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When we take a look of what levels of models we find in physics, there are numerous. Although the different levels of theory do not necessarily contradict each other, it often doesn’t make sense to combine them.

Would the weather be better predicted if we included general relativity in the model? Probably not. Sometimes there is overlap however between different levels of models that aren’t discovered for a long time.

the scope of this course rages from quantum chemistry to course grain models. It is clear that we can only scratch the surface of each.

In this chapter I will spend much time on quantum chemistry as it is a vital part of molecular modeling. This is probably the hardest part of this course and you are advised to read as much as you can in Leach during this course.
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When we realize that there are so many levels of theory to our disposal the main question before doing a modeling project is to decide which level of theory to use. The first question should be what are you trying to establish? If you are interested in chemical reaction kinetics you have to use a quantum model. If you are interested in particle flow of large quantities of particles you probably want to stick to a course grain model.

Obviously the size of the system determines to a great extend what type of model you should use as you are usually limited in computational resources. Sometimes you simply cannot treat a particular system on the level needed to look at a particular phenomenon.

slide 119

In molecular modeling there are generally four scales on which we find modeling. On the sub-nanoscale we find quantum methods. Quantum methods generally describe a system on the level of the atoms and how its electrons behave.

On the nanoscale we find the classical methods. We assume Newtonian behavior of the particles that we describe. Sometimes we do so whilst knowingly ignoring some of the quantum behavior of particles for the sake of simplicity. This in turn can then be corrected for by quantum corrections. Instead of keeping track of the individual behavior of the electrons we describe whole atoms as an entity, typically. the bonding between atoms is described using springs and other simplified expressions. We will be looking into this in detail the homework of this course.

On the mesoscale models we describe the system on a level of the molecules. A whole molecule can be a single particle; usually modeled as a sphere, or a ellipsoid, or something like that. It is particularly used for macromolecules, such as proteins and polymers where each of the monomers is treated as an entity.

On the macroscale we find the continuum methods, where we no longer keep track of individual particles. We simply describe the properties of the system, such as temperature, density, etc. This is usually done in a fashion where the space occupied by the system is subdivided into small segments, called finite elements. The model consists of keeping track of the properties of each element and how they influence each other. the weather prediction model is a perfect example.
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Here is an example of a quantum mechanical model. When you click on the images, a movie should visualize what happens to a couple of molecules when they undergo the so-called Diels-Alder reaction, a well known reaction mechanism in organic chemistry.

Notice that the visualization is not the complete information of what is calculated during this simulation. Only the HOMO and 2nd HOMO are shown in these movies. The problem in modeling is often that we cannot visualize all the parameters and dimensions at the same time. We have to resort to projections, simplifications, etc. to probe what is going on.

An important aspect of molecular modeling, nowadays, is how we visualize processes in such a way that we use the graphics to their maximal extend to make understood what is going on. A lot of modeling that is done around the world does nothing more that simply visualizing things on the molecular scale. That can sometimes help tremendously in trying to understand why materials behave the way we observe them on the macroscopic scale.
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What is quantum mechanics exactly?  that is difficult to say as there are so many levels of accuracy and types of quantum, models nowadays. In general we describe the system on the level of the electrons.

On the ab initio (meaning without empirical input) that is done by finding ways to approximate the Schroedinger equation. I will talk about that further in this chapter. Unfortunately, we cannot solve that equation for any given problem, except for the hydrogen atom. These approximations can obviously be done on different levels of accuracy and that’s where things become really hairy.

an important concept is the orbital, because it gives us something to look at and try and understand what is going on. Orbitals visualize the average density of electrons in space.

Although in theory the energy of a given system can be calculated exactly, in practice we cannot. within the same model, due a cancellation of errors, differences in energies can often be produced very accurately.

Ab initio level calculations are notoriously slow. Even on a moderately small molecule it can take many days to calculate anything useful.
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On the nanoscale model we assume that there are no quantum effects. The atoms and their bonds in molecules are treated as Newtonian systems.
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Generally, we refer to this type of model as molecular mechanics.

the molecule can be regarded as a set of masses, having weight, attached by simple springs. In simulations, to calculate the motions of molecules we assume F=ma.
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The set of equations that describes the system is called a force field.

In general force fields produce somewhat less accurate energies. Unless a particular force field was especially designed for a particular case, that is. However in that case that force field loses general applicability.

The calculations using force fields are some orders of magnitude faster and so are the system sizes you can treat using force field theory.

In this movie you can see how a molecule is interacting with a protein when it approaches. This type of simulation is called docking. It is commonly used to predict the efficacy of molecules in certain biological processes. It is mostly used for drug design.
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Next is the meso scale level.
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Instead of keeping track of individual atoms, a mesoscale model keeps track of larger portions of molecules. In this case, the backbone of polyphenyl polymer is modeled as a pearl necklace. Each phenyl group is represented by a “pearl”.

The model is now reduced from 10 atoms to one pearl, which is a simple spherical object, which is very easy to deal with in computers. The problem size has immediately been reduced by an order of magnitude.

Obviously, to correctly describe the flexibility of the chain, the interactions between the monomers must be described by some sort of interaction function. Typically these are fitted from a set of molecular mechanics calculations.
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mesoscale models will obviously produce even less accurate energies of the system, but that is often irrelevant. It is mostly the dynamics, kinetics and other motional and positional behavior that people who do this kind of modeling are interested in.

As said, this type of model is at least an order of magnitude faster than molecular mechanics or in other words can treat systems that are that much larger or processes that take that much longer.

It can be used, at least on a standard computer, to system sizes up to a billion particles or so. Mostly it is used for modeling so-called macromolecules, such as polymers, peptides or proteins, DNA and RNA chains etc. The particles are typically the monomers of the chains: amino acids, base pairs, respectively.

In chapter 6 I will show a course grain model to simulate crystal growth, where each particle is a complete molecule.
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Finally the macroscale…
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…these models are typically used to describe engineering problems. Good examples are how fluids flow in chemical reactors, how aerodynamics work for airplane design, how hydrodynamics work for boat design, but also for the engineering of waterworks such as dikes.

CFD stands for computational fluid dynamics.
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In the previous lecture I showed the different levels of models relevant to molecular systems.

In this lecture I will go into depth on the quantum mechanics. In the homework we will be using Gaussian which is a software package specifically designed for that purpose. Purdue has a campus license for this software. You can install it from the server.

As I stated before, the Schroedinger equation cannot be solved for anything larger than a single hydrogen atom. That system only contains one proton and one electron. Anything beyond that problem size, which is by definition the case when we look at molecules, can only be approximated. Theoretical chemistry is the branch of science in which they try to improve the methods of approximation.

The general form of the Schroedinger equation is “H psi equals E psi”, where psi is the wave function, E is the energy, and H is not a number but an operator, which essentially reflects taking the derivative of the wavefunction, to describe its kinetics and adding a potential energy part, labeled V.

If you have never seen this before, you may have a problem understanding all this, but on the next slide I will show that it really is the same as the mathematical description of the motion of a pendulum, except this is in three dimensions.
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You may recognize this problem of a mass on a spring or a pendulum. The mathematics of this system were solved many centuries ago by what is now known as differential equations, where this can be treated as an Eigen value problem in particular.

The simple description of the time resolved position of the mass is using a sinusoidal.
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A more general expression of this system is a linear combination of a sine and cosine. That expression can also be written as a complex exponential using Euler’s formula.

This expression is the general solution to the equation we obtain on the following slide.
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Here we combine three known expressions: 1) the mass on a spring, where displacement of the mass is linearly dependent on the applied force. Second is Newton’s second law, and third, is the simple fact that velocity is the derivative of displacement with respect to time and acceleration is its derivative. When we combine all three we see an equation emerge of the type on the bottom of the slide.

If you want you can show that the general solution for “psi of t” is indeed the equation on the previous page, whether you use the sine/cosine or the exponential expression. as long as you choose the right constant for C of course.

Obviously, this equation is essentially the Schroedinger equation in one dimension.

When describing the particle on a pendulum the mathematics are the same except that the force constant for the spring is replaced by the corresponding constant that represents the length of the pendulum.
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You can now see the similarity of the Schroedinger equation to the simple mass on a spring or pendulum. When you try to imagine how the electron is moving about the core of the atom you can imagine it to be a mass on a spring, except that the spring is a three dimensional spring. A current dogma is still that electrons move around the nucleus like planets around the sun. This implies that their occupancy is mainly in a shell around the nucleus. That is a completely wrong image. If you were to plot a density map of where the electron is -- denser where the electron is most and less dense where it is less -- you would get the picture on the bottom left. The image is an exponential decay of density with respect to the center.

Our eyes have trouble dealing with this type of image, by the way. If you stare at it for a while, you will notice the gray color will completely disappear.

Formally this is called the Born interpretation of the wave function. You obtain this result if you multiply the wave function with its conjugate. If the wave function is properly normalized, the integrated charge density over all of space should result in the total charge of one electron.

An orbital is formally the depiction of the shell that contains a certain percentage of all the charge, in this example shown 95%.

All the figures on this page, by the way, are dealing with the 1s wave function and orbital. Other wave functions look different, obviously.
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On this slide, directly taken from Leach’s book, we see the wavefunctions of all the 1, 2, and 3rd row electrons. Each wavefunction consists of two parts: the radial wavefunction, R, and the spherical harmonic, Y. 
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This is what the wave functions look like when you plot them along the radial axis (assuming the electrons are particles that move around the nucleus at something close to or equal to the speed of light). Notice at r = zero the 1s function has a finite value. We may interpret this as the electron being ON the core or very close to it a significant amount of time, just like the swinging pendulum spends a certain amount of time at the bottom of its swing. The d and p orbitals have a density of zero at the core meaning the electrons never spend any time there.
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Aufbau is the German word for build-up. Since Mother Nature favors the lowest energy state of matter, when the orbitals are being filled up by electrons they do so in the order of their energy. Notice the 1s is the lowest in energy, than comes the 2s and so forth. An arrow up is one electron; an arrow down is an electron with opposite spin. The Pauli exclusion principle states that only two electrons can describe the same wavefunction at any given time.

Atoms can of course violate the configuration of the aufbau principle when they are in an excited state. However, they cannot be stable as such and will therefore eventually fall back into the ground state whilst expelling energy.
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Things become really interesting when atoms are interacting with one another to form covalent bonds. This is the basis of all of chemistry. A covalent bond is formed when 2 wavefunctions combine so as to share a certain amount of space. Electrons can co-exist in these combined energy states, this lowering the total energy of the system. Note that the “1s-sigma” orbital is a bonding orbital only BECAUSE its energy state is lower than that of the H 1s atomic orbitals. If the molecular orbital hadn’t been lower in energy the electrons had no business going into that energy state and thus the bond would not have existed.

When there is a bonding molecular orbital, there must always also be a non-bonding orbital. That orbital is in this case not occupied.

The approximation of how these molecular orbitals take shape is done in quantum mechanics by the so called LCAO method. In other words it is assumed that molecular orbitals can be described as a sum of the atomic orbitals as is shown in the equation.
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The greatest challenge in approximating the Schroedinger equation is that we cannot write down an equation of state of the system at any given time. Due to the Heisenberg uncertainty principle we cannot know the exact location of a particle and its energy. This is a huge problem because when we try to calculate the total energy of the system, we do need to have that information. The electrons all influence each other, but we simply cannot know how.

One trick to circumvent this problem is to assume that each electron is influenced by all the other electrons in their average distribution. Thus each electron feels the “mean (electric) field” of all the other electrons. Using this approach we can calculate the total energy as long as we know where all the electrons are, that is, as long as we know how much each of the orbitals is occupied by the electrons. this is a bit of chicken-and-the-egg problem. You can’t calculate one without the other.

Fortunately, Hartree and Fock came up with an elegant way to deal with this problem what is now known as the Self Consistent Field method. By starting out with a good “guess” for the occupancy of the orbitals, the total energy of the system can be lowered by slightly redistributing the electrons over lower orbitals. This needs to be done for each electron, one-by-one. When all the electrons have changed their distribution, the whole system has changed and we need to start al over again. This process needs to be repeated (a method called iteration) until no significantly lower energy can be achieved.

Unfortunately, this Hartree-Fock procedure is a very lengthy procedure and can take in the order of hours on a moderately large single molecule.
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An interesting diagram is showing how the energies of the molecular orbitals change as a function of the charge of the nuclei. Obviously a larger number of protons increases the coulomb attraction lowering the energy. Remember the density as function of distance of the s, p and d orbitals? The s and therefore sigma orbitals are closer to the nuclei and thus they lower much more in energy than the pi orbitals.

Remember the total energy of the ground state of the molecule is the sum of the energy of the occupied orbitals. The unoccupied (also called “virtual”) molecular orbitals do not contribute.

Which of these materials is magnetic?
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An option of the Hartree-Fock method is to either do it restricted or unrestricted. Restricted means the orbitals of both spins are treated as one and the same. Unrestricted on the other hand allows for a separate treatment of the orbitals by treating them as so-called spin orbitals. Only when unpaired electrons exist in the system is the unrestricted treatment necessary. Obviously this method doubles the number of functions to be taken into account.

Unpaired electrons are particularly found in ionic species, e.g. a deprotonated acid, and radicals.
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The problem with generating wavefunctions for a given atom is, that, as became clear 2 slides back, that the behavior of the electron depends on the 1) atomic charge, and 2) on the average behavior of all the other electrons. It is thus impossible to calculate the shape of, say, a 3s orbital by putting that on the core alone. Effectively that electron is seeing the core and a blur of other electrons, which effectively shield the total charge of the core.

John Slater introduced the system shown here for the radial part of the wavefunction. In particular Slater provided a set of empirical rules of how to obtain a good value for zeta for a given wave function. Z is simply the charge of the nucleus, sigma is a shielding parameter and n* is an adjusted quantum number n: 1,2,3,3.7,4.0,4.2. On page 55 Leach lists the 4 step set of rules to determine sigma.

Slater Type Orbitals are based on a theoretically sound model, but they suffer from a problem, which is explained on the next slide. Look at the exponential part of the expression. Besides the zeta part, which is a constant for a given orbital within its mean field, it decays with -r.
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A necessary step in the mean field theory is to calculate the repulsive interactions between the electrons. The computational method to do that involves taking a spatial integral of the orbitals, the so-called overlap integrals. It turns out the overlap integrals cannot be solved analytically, which means that the overlap integrals need to be evaluated numerically when STOs are used.

When we look at a closely related expression, the Gaussian distribution, we see that the only difference is that the exponent has “r squared”. The Gaussian distribution is much easier to work with. The integrals can be expressed analytically and calculations based on that type of function are therefore much faster. Notice in this figure that the best possible fit of the STO by a single Gaussian distribution is not very good.
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A trick to fit the STO much better using the Gaussian distribution is to simply use a couple of them additively. The dashed curves show the best fit of the STO by a linear combination of Gaussian functions. At 4 Gaussians the fit is getting pretty reasonable. What results is an orbital that is referred to as the Gaussian Type Orbital, GTO. Obviously, the more Gaussians are used, the more expensive the calculation becomes, but at the same time the better the fit becomes.

The sets of parameters up to 6 Gaussians are commonly available.
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Whenever you perform a calculation using quantum mechanics software you have to choose what “basis set” you want to apply. So what does the term basis set mean? It is the number of functions that you want to include in the calculation. Ideally you want to make the basis set large enough to capture the properties you’re to a satisfactorily level of precision. Too small a basis set and you may end up having very low precision or even missing the effects completely; too large a basis set and the calculations will take forever. It is always a somewhat intuitive choice to make. As we will see in the homework, a tiered approach is the most practical. You start with a small basis set and expand as the problem refines.

On this slide is the basis set you might use to do an initial geometry optimization with. It is a minimal basis set with just 3 Gaussians to approximate just the STO for the shell electrons. All other electrons are ignored.
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The zeta refers to the parameter in the STO. To allow the atoms in the molecule to react better to their environment, different orbitals (with different zeta parameters) can be used as the basis set. These will contribute in the LCAO to possible molecular orbitals which can be occupied if it lowers the energy. 

The extra zeta basis sets can go into triple quadruple, etc.
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Split valence basis sets use the double zeta functions, but typically only for those which are regarded as relevant. For the 3-21G basis set, we use 3 gaussians in a single zeta function to describe the core electrons and for the valence electrons 2 gaussians are used for the contracted electrons and one diffuse function can be occupied by an electron that may be interacting with something further away from the core.

The larger the number get, the more gaussians are taken into account. A fairly common basis set is 6-31G.
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Even more functions can be added to allow for polarization effects. This is done by mixing in virtual orbitals, that is, orbitals that are typically not occupied but for a very small percentage when the system is slightly perturbed by electric fields (which may be caused by itself!). The 6-31G* adds these functions for group 2 atoms, ie. Li, Be, B …  Ne. The double star indicates that an additional p orbital is allowed on group 1 atoms: H and He.
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As if that is not enough even more diffuse functions can be added, also by adding orbitals that are normally not occupied in the ground state. This is indicated by a plus sign. Again one + is for the row two atoms, Two ++s adds them for group one as well.

These functions are especially needed for ionic species and for things like lone pairs.
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A plethora of basis sets exist. The names can sometimes be a little confusing, unfortunately. If in doubt you can always look at the parameter files for the basis set.

Pretty much the largest basis set to our applicability for HF in Gaussian is the 6-311G(3df,3dp) notice the part between parenthesis adds even more polarization and diffuse functions that the regular +*.

A good test to see if you have used a large enough basis set is to look at the coefficients in the SCF. If all the occupancies in the highest levels are negligible, you can assume you have used enough.
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Thus far we have based all the discussion on the mean field approximation. That is a severe approximation, especially when the interactions between molecules are considered. Electrons obviously would have an effect on each other, which is called correlation.

There are several methods available to account for correlation. None of which are very good, however, and all add a tremendous amount of effort computationally speaking.

Therefore, typically the intramolecular stuff is better treated on the QM level, but the intermolecular stuff on the MM level. Some people indeed use both at the same time, which is called a hybrid model.

Anyway, when we make the transition between QM and MM, there are a couple of things to consider. On the empirical level, molecular interactions are described by individual contributions, Van der Waals force, ionic interaction, polarization, etc.

In practice what is done is that the Van der Waals force is fitted using a table of Van der Waals radii for the atoms, and a charge model is used to accommodate a simplified model for the charge distribution of the atoms. There will be a complete lecture on that issue alone.
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Before going into the QM->MM issues, I’d like to look at some alternative methods for the ab initio level calculations.

In fact, long before people thought it ever would be feasible to do ab initio level calculations, they came up with approximation methods which they could use to calculate stuff on a simple calculator or even fully by hand.

As mentioned before, one of the most difficult tasks in QM is calculating the effects electrons have on each other. As said that is nowadays done by calculation of the overlap integrals. Leach goes through the list of things people have done in the past to circumvent this nuisance, ranging from Zero Differential Overlap, to Complete Neglect of DO, to Intermediate Neglect of DO, etc. Dewar especially spent a lot of his career building models based on these methods which are actually still used today.

It may surprise you to learn - well at least it surprised me - that for a whole bunch of things these models actually work better than the full fledged ab initio methods and that in much less time. The problem with ab initio is obviously that a whole bunch of issues that we have discussed can be addressed in some way or another, but in practice you can never do all these things for a moderately large system. What you end up with is a calculation that is guaranteed to have a systematic error, a very precise systematic error I should add, but it’s still an error.

The power behind semi-empirical methods, the name says it, is that the shortcomings of the differential overlap are accounted for by using experimental data to correct for it. The result is that a whole bunch of unknown errors are lumped into the fitted corrections. The end result is that the fundamental basis is partly lost, but the calculations fit the data a whole lot better.

Common programs and methods are mopac, ampac and zindo.
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A whole different ballgame is DFT. When some people first came up with the idea of DFT the established ab initio clan looked and smiled thinking the whole idea was never going to work. Nowadays DFT will provide you the best trade-off between accurate results and computational effort.

So what is DFT? Ab initio methods work from the basic idea of solving the wave equations. Think of the pendulum, where you try and predict where the mass is going based on the given frequency of the motion. At the end of the day (quite literally when doing these lengthy calculations) it doesn’t matter where the electrons are at any given moment. The mean field approximation is looking at a blur of electrons anyway. What the DFT people thought of was to forget about the wave equations entirely and just look at the end result of where the electrons are going to be on a timed average. This results in the reduction of describing the electrons motions do the description of their average position in space, or their spatial density. The average behavior of an electron is thus described as its density. “rho of r” is the function that describes this density in 3 dimensional space. The idea now of density functional theory is that that density function leads to a functional that is a property as a result from the density function. A function of a function is called a functional, hence the name density functional theory. The energy of the system, for instance, can be formulated as is shown on this slide. DFT thus is taking a shortcut, by assuming the density functions for the orbitals instead of having to use wave functions.
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DFT is thus a great timesaver, but there is unfortunately one problem. People haven’t figured out yet on a theoretical basis exactly what the functionals are! What people did do was to come up with functionals that do a pretty good job, however. In fact, many people did many good jobs and there are therefore MANY methods to our disposal these days. The common approach is to split the functionals into a kinetic part, coulomb part and an exchange-correlation part. The latter immediately shows a major addition that could never be made on the ab initio level. It goes into a bit too much detail for this course to explain exactly how the functionals work.

Just like the basis sets for ab initio, the choice of functional will determine the accuracy of the results, at the usual trade-of of CPU-cycles. Some functionals are better for some properties are better for others.

For now it suffices to say that the BLYP functional is a reasonable one for general use. If you want to combine some of the advantages of HF with some of those of DFT you can use the hybrid model of B3LYP. See Leach’s chapter three for more details.
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In summary DFT is much faster than ab initio and in many cases even more accurate. Correlation is taken into account from the beginning and therefore molecular interactions are much better described without the cost of an additional order of magnitude in computational effort.

DFT has taken over the role of semi-empirical methods and is even slowly outgrowing ab initio in popularity.
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Section 3.8 in Leach is dedicated to periodic systems. This is essential to the subject matter of this course. The theory is somewhat difficult, but the key concept is really quite simple. Instead of using functions that describe the electronic wavefunctions in a discreet sense, all that has to be done is to describe them in a periodic fashion. The mathematics are similar to those we have seen for the structure factors in X-ray diffraction. The difference is that we do not describe how photons move, but electrons.

One example of how to do this is to use the so-called Bloch theorem. The Bloch theorem writes the wavefunction as a positional parameter (similar to something like the fractional coordinate system) and a translational symmetry operator. In the example shown here, the electron density on the left is repeated by the translation vector a. Because of how this is done, this is typically also referred to as being done in reciprocal space, and like I said the math is very similar. Similar to the structure factors the translational contribution can also be written as the complex Euler exponent.

Although I would like to spend considerably more time on this topic because of its relevance to this course subject, the problem with Gaussian ’03 is that it is completely unreliable in its implementation of these methods. Neither the HF nor the DFT can be run without seeing the program crash almost consistently. For practical purposes of this course I have taken that part out of the homework. Hopefully future releases will improve matters.

There are of course alternatives for Gaussian. One option is to use dmol3 in Materials Studio from Accelrys software. I can tell from experience, that although somewhat time consuming it gets the job done most of the time. There are also several academic software packages available, such as VAMP/VASP and ADF that can handle DFT on periodic systems.
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We have covered the basics of QM and in the homework exercises you have gotten a good feel of how these concepts are done in practice using a widely used commercial software package.

In this lecture we will move on to molecular mechanics. I have already introduced the concept of this type of model and explained the benefits and downsides.
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One thing to stress is that force field theory does not provide ways for the molecules to rearrange their molecular structure; form new bonds, break bonds. In general none of what we may consider as ‘chemistry’ can be done using MM theory. What can be done is to calculate properties of the molecules, which is what you’ll be doing in the homework. Essentially all these properties fall in the branch of physical chemistry.

The Newtonian physics work reasonable well for a lot of types of study. All forces are assumed to be additive. Just like the fact that it is difficult to calculate the effect electrons have on each other, so is the effect that atoms have on each other. Sometimes this can lead to gravely bad results if you are unaware of this.

slide 159

Because everything is assumed to work additively, the contributions to the model can be completely separated. Typically these contributions are bond stretching, angle bending and bond rotations to describe the covalent interactions, or molecular bonds if you will. 

Between the molecules we find the electrostatic and Van der Waals interactions, or the non-bonded terms.
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The general form of the equation used in force field theory looks something like this. You see the Hooke equation for the spring-like behavior for the bonds and angles. Further the torsions in a sine or cosine-like expression and for the intermolecular interactions there are the coulomb and some sort of Van der Waals expression, in this case the Lennard-Jones.

Notice that all contributions are additive in the sense that each individual contribution, each bond, each angle, each non-bonded pair of atoms adds something to the total potential of the system.

This can easily add up to thousands or even millions of function expression for a system under study.
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Bonded interactions are found within the molecule. A bond stretch is between two neighboring atoms. An angle bend is between three directly neighboring atoms. Torsions span 4 atoms away. All other contributions to the potential are typically treated as non-bonded. A molecule doesn’t know if it is sterically feeling its own tail or whether it belongs to another molecule, so to speak.

It can depend on the particular force field used however, if the developers have thrown in some additional parameterizations to account for certain things beyond the 1-4 range.

In the figure all dotted lines denote non-bonded interactions. You can see them within one molecule on the right.

The interactions between the atoms in one and the same molecule are referred to as the INTRA-molecular interactions.

The interactions between the atoms of different molecules are called INTER-molecular interaction.
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There are many, MANY forcefields out there. This is just a collection of some common ones. Dreiding was particularly parameterized on an experimental set of crystal structures. Therefore it performs reasonably well for crystalline systems.

Amber was specifically designed for proteins, so if you’re going to work on proteins that would be a good choice, and so on and so forth.

A recently introduced new concept is ReaxFF. That forcefield allows inclusion of chemical reactivity. That somewhat invalidates what I have said in the previous slides. It is very specific to the chemical reactions that you put in the parameter set, however and is therefore not generally applicable unless you really know what you’re doing.
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Here we are looking at what the potential of bond stretching looks like for the oxygen molecule. You see the typical well shaped curve. The curve shows that if you were to pull on the atoms of the molecule it would cost you 1.8 GJ/mol in energy to separate them from the minimal energy state to a distance where the asymptotical energy where it is no longer changing significantly. Effectively this is describing the breakage of the molecular bond. Notice that the energy of two individual atoms calculated on the same basis set is nowhere near the energy of the broken bond.

This effect is due to the so-called basis set superposition error, which I haven’t talked about earlier in the course. It would be too much detail. Suffice it so say that you cannot compare systems of different sizes to calculate relative energies without doing the proper so-called counterpoise correction.

For typical purposes of force field applications, this energy scale is huge. You would normally never drive a system so far as to be cleaving molecules like this.

The Hooke function is clearly not capable of describing this functional shape.
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This is a more relevant scale of the bond stretching. Here we are looking at the range of three times the typical thermal energy at room temperature, which is the range within which this bond might vibrate.

Now the parabolic shape of the Hooke curve isn’t all that bad.

The data is fitted here with the best possible fit based on Hooke’s law over this range. Notice that the fit is not perfect as the QM data is slightly asymmetric in shape.
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The problem on the previous slide gives rise to a consistent error when calculating energies of systems. The curves show that short bonds will be consistently be overestimated in energy, whereas bond lengthening is consistently underestimated.

In this case the curve was fitted to produce the best fit over the range of the graph, which produces an equilibrium point that is slightly off.

the alternative to the Hooke curve is the Morse curve, shown in green. You can see that for this range that doesn’t make much of a difference.
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When you look at one of these curves, you might think that the difference is really small, but the problem of course is that it is a consistent error, made for all of the bond lengths and angles.

When one is interested especially at how things look when near to equilibrium it makes more sense to fit the curves in a way that forces the minimum of the fitted curve to overlap with the minimum of the QM data. This, so-called restricted fit, will then perform slightly worse in the case of simulations where the average is better.

Another application of force fields might look at the frequencies of vibrations. For instance if you want to calculate IR/Raman data this is relevant. In that case you would want the derivative of the fitted function to best match that of the QM curve. You can understand that that will impose a different type of restriction on the fit leading to different force field parameters.

This exemplifies that even with the same input data, you can get different force field parameter sets based on the particular purpose the force field is intended to be used for.
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Next we look at the angle bending of “c o two” or carbondioxide. We exhale quite a bit of that stuff every day.

Here you see the data obtained from a fairly high level unrestricted Hartree Fock geometry optimization. For 3 atoms we can afford that.
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When we perturb the system by forcing it to bend we see the following behavior. Again the plot shows a range relevant to thermal vibrations. The angle can bend a full 10 degrees each way. Notice that this curve is completely symmetric by default; the Hooke’s parabole has no trouble fitting it whatsoever.

The fitting parameters shown in the top can be used directly as a force field parameter for an O-C-O bend, by the way.
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Now we look at ozone. This system is not straight but bent in equilibrium.
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Again we determine the force field parameter by fitting the curve. Alas, in this case the curve suffers again from the asymmetry of the system. 
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In this example we are off by 0.37 kJ/mol for an off-equilibrium O-O-O bend. This type of error, so we may assume, is going to be typical for any type of bond and angle parameter. This shows that the error bar on the energy for an ideally fit forcefield will be in the order of several kilojoules per mole easily.

Most forcefields will not be ideally fitted for the energy, by the way, making things worse. You have to be very careful with drawing conclusions based on the energy of the system from force field based calculations.
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The torsions work a little differently. Because in principle torsions can rotate all the way around, a sine or cosine based function is typically used.

A multiplicity factor accounts for the number of groups present on each of the groups involved. For the central bond of ethane it is 3. The top of the 3 peaks correspond to the staggered conformation; the valleys to the eclipsed. For ethene, which has 2 hydrogens on each carbon the multiplicity is 2. Henceforth there are 2 peaks and 2 valleys. Notice that the force constant of this torsion is much higher as the double bond is much stronger.

An important thing to notice is that the valleys are at the same energy level. If you look carefully this is because the valleys both run through 0. That’s because the torsion energy is a relative energy with respect to the lowest possible energy point. 
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Depending on what substituents are present, the highs and lows of the torsional function are not necessarily all the same as is shown in this example for the C-O-O-C torsion in Amber.
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Regarding the fact that a single (C-C) bond can have 6 different substituents and that there are many possible substituents, you can imagine that the number of torsion parameters needed for a complete force field is enormous.

To simplify matters, most force fields have a limited set of parameters for individual pairs of substituents. The total torsion parameter is then compiled by adding these. (this can have up to 9 contributions!) 

The MM2 force field has a nifty way of parameterization by three force constants, V1-3. Each multiplicity has its own constant this way.
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Bond length, angles and torsions are the typical way of parameterizing the intramolecular potential. Every force field that I know has these, at least those that have intramolecular potentials that is.

Not all molecular conformational effects are well described by these functions however, so sometimes people have added some highly specialized terms. For instance, for ring systems the use of torsion parameters alone does not describe the bending of the ring as a whole very well. Dreiding has an inversion function that can be applied for certain cases. The Urey-Bradley potential accounts for missing effects between next nearest neighboring atoms in the molecule (1-3).

These additional terms are usually used to resolve issues that people found the regular force field parameters to cause. They are usually highly specific to a particular molecule which those parameters were fitted for and are thus not very “transferable” to other molecules as it is called.

When the state of one parameter influences another, cross terms can sometimes be used to account for this. This is again a highly specialized method that is typically only used for specific cases.

When force field parameters are fitted to a particular molecule that practice is usually referred to as making a “Tailor-made force field”. There is currently a growing belief that this is the proper way of doing molecular modeling using force fields.
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As mentioned before, besides the atomic interactions within the molecule, or the so called intra-molecular interactions, there are also interactions between the atoms of different molecules, the intermolecular interactions.

The Coulomb interaction takes care of the interaction energy caused by bringing charged objects together. Just like the piece of paper will stick to a PVC tube when it is rubbed on a sweater, charged atoms will either repel or attract each other. The total Coulomb potential for a given set of charges, or a charge distribution is simply the sum of interactions between all the individual pairs of charges.

When charges are fitted to the atomic centers, it is simply a sum of the atomic interactions. The Coulomb expression, as you can see depends reciprocally on the relative distance between the charges.
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Since the number of functions needed to be calculated for the total Coulomb interaction is the square of the number of atoms, you can imagine that the computational effort becomes huge even for moderately sized simulation systems. For this reason, a cutoff radius is oftentimes used. Beyond that distance, the interactions are simply completely ignored. As long as that cutoff is large enough, only a very small percentage of the total energy is missed. 12-20 angstroms is more or less standard, but in my experience that is not enough. You should use at least 40-50 for most typical molecular systems, or avoid having to use a cutoff at all, as is made possible by the Ewald summation for periodic systems.
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The second force between molecules is caused by the Van der Waals interaction. There is much confusion how to correctly spell this name, by the way. Johannes Diederik van der Waals was a Dutch physicist who won the Nobel prize in 1910 for his work. When saying the full name, the v in van is not capitalized. When you only use the family name it is capitalized. There are spaces between van, der and Waals it is not concatenated as in Vanhalen.

The Van der Waals interaction consists of two contributions, an attractive and a repulsive. The attraction force was discovered by a guy named London and is therefore also referred to as the London force. He himself called it the dispersion force, which is also still a commonly used term. This force acts between every atom, whether it is charged or not. It is caused by the effect that the electrons in atoms move around. The correlated effect between the motions in two atoms causes this to effectively induce a small dipole on the other atom. The respective induced dipoles then attract each other.

This attraction is much weaker than the Coulomb force and it decays much faster with distance too. In most force fields it is fitted with a “1 over r to the sixth” or other terms of even higher order.

The repulsive contribution is essentially caused by the Pauli exclusion which states that no more than 2 electrons can occupy the same space. The effective force felt when two atoms approach each other too closely is usually fitted to an exponential function.

Since exponents were expensive to calculate in the early days of computing, the repulsion was often fitted to a twelfth power function. This number can simply be obtained by calculating the square of the sixth power of r. The resulting potential function is called Lennard-Jones.
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when we look at a typical Van der Waals interaction, the sum of the repulsive part, which decays very quickly and the attractive part which decays less quickly, results in a well shape. At the bottom of the well the atoms are in equilibrium at their lowest possible energy. At that distance the atoms are more or less at their Van der Waals radii, or atomic radii. Each atom, because of the size of its orbitals and its number of electrons has a typical Van der Waals radius shown on this slide. When free of charge the cores of a carbon and nitrogen will, for instance, be at 1.70+1.55=3.25 Angstroms. Argon atoms, being much larger approach to just under 4 Angstroms.
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When using commercial software to do molecular modeling, the program typically determines what the forcefield parameters to be used are. It bases its decisions on the hybridization of the atoms, the number of molecular bonds, etc. Once these so called force-field types are assigned, the corresponding force-field parameters are typically taken from a table. In most cases there are combination rules, such as we saw on the previous slide. Each atom thus has one parameter for each force field function.

When the program cannot determine the force field parameters, sometimes simply because an atom was never considered before, errors will show up, or that force contribution will simply be ignored. It is always a good idea to check which force field parameters the program is using as often mistakes occur that will be completely missed otherwise.
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So what is hybridization? If you had basic chemistry you probably already know about this concept. When molecular orbitals are formed from the atomic orbitals (think about the LCAO method) they take on very interesting shapes, as you have seen in the homework assignment. Chemists treat the atoms in a molecule by imagining that the electrons in the molecule are localized on single atoms. When the LCAO method would be applied on single atoms, the combined atomic orbitals would also mix in this fashion. Depending on how much electrons exist in each individual orbital this results in a number of possibilities. For instance when one s orbital is mixed with one p orbital you obtain the sp hybridization, which manifests as a linear shape. One s and 2 p’s results in the trigonal shape and so forth. This simplified model helped explain many generations of chemists how molecular bonds work and is still in heavy use today.

In force field theory it is also still used, namely to classify the atom types according to this schedule.
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Again, when commercial software makes the force field type assignments for you, things can go wrong. Here we see what happens when benzene has a wrongly assigned set of force field parameters. Benzene is supposed to have sp2 atoms, causing them each to be trigonal, but in this example they were made sp3, causing them to be tetrahedral. The resulting molecular conformation upon doing a minimization closely resembles that of cyclohexane, even though half the hydrogen atoms are missing. When the problem is fixed, upon redoing the minimization, the conformation goes back to being completely flat as it should be.

It takes a little bit of chemical knowledge to spot these errors, but fortunately there is a trick. When comparing a minimized molecule to a molecule in the crystal structure, the angles and torsions should grossly match. If they don’t, it is usually obvious that there is something wrong with the force field.

Notice that flexible bonds, the single bonds, can usually freely rotate. This is fine; it will only result in a different conformation of the molecule. What is not fine is when atoms go from a trigonal to a hexagonal arrangement, for instance.
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It turns out that the Van der Waals parameterization usually works very well. The simple approach of describing the molecular shape by simply applying tabulated radii apparently is usually good enough.

The Coulomb forces are however notoriously troublesome. Therefore we need to have a second look. As stated before, the simple method of doing this is to assign a charge to each atom and evaluate the Coulomb energy as the sum of all the atomic pair interactions. When we look at what a molecule really looks like, the picture is a little more complicated than that. As we’ve seen in the homework the electrons are really smeared out in space, causing the negative charge not to be located on the atoms, but rather to appear as a complexly shaped “cloud”. This electron cloud is really how we would like to describe the molecule. This is in fact what is done in QM, where the atomic orbitals are integrated exactly. Remember the overlap integrals.

What makes things even worse is that the cloud changes upon external influences, such as approaching molecules causing polarization and conformational changes within the molecule.

Essentially there is no good way to address this issue; it simply is not a good idea to describe the electron cloud by point charges. It is a very fast way of doing things in a force field but it is also a major contribution to the error bars. Nevertheless there are various methods in current use so let’s have a look at them.
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So why bother with all these charges? For some materials that can be answered negatively. Normal hydrocarbons essentially exhibit no charge distribution effects. The contribution to the total energy is therefore minimal.

For other compounds however, the ones here in yellow most notably have distributed pi electrons, the contribution can be significant already. 
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In red, we see that all these materials have a very significant contribution. In many cases it is even the largest contribution to the total energy. And that is for charge neutral compounds. You can imagine that systems with a net charge will be grossly dominated by the Coulomb interactions.
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On this slide we see a minimization of the crystal structure of s-tetrazine.  You can see that in this case the choice of QeQ charges wasn’t a very good one as the experimental structure is really not well maintained.
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First of all there are various categories of methods to determine point charges. The first is a methodology to simply apply a look up table in which previously determined charge value were stored. This would typically have static charge values for each force field type. For instance, an sp3 carbon gets a charge value of +0.4. A slightly more advanced method would also consider the neighbors. For instance “each oxygen neighboring this carbon increases the charge by +0.05”. These typing rules are sometimes referred to as bond increments. In many cases the number of possibilities is too much to consider each possible scenario. These charges are therefore never very good. An upside of this method is that it can be done practically instantaneously for any given molecule. A common example of this methodology is that it comes as part of a force field parameterization, most notably the Consistent (Charge) Force Fields (CFF). The whole set of force field parameters is made consistent, meaning that - for instance - the bond length, angles etcetera only work well with those specific charges. The charges cannot be determined using any other method, because than the other parameters will not behave properly. Also, the charge values that are determined within this method are essentially useless for other force fields. None of these methods really account for any conformational issues, or proximity effects of neighboring molecules.

Gasteiger and charge equilibration methods use the electronegativity as a charge determining principle. These methods are still relatively fast. Population analysis methods and methods based on the ESP use information from QM calculations and are therefore relatively CPU demanding.
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The Gasteiger method utilizes a table of electronegativities and hardnesses of each of the atom types. Charge is transferred between the atoms by satisfying an electronegativity balance. The net charge on each atom is ultimately the sum of the initial charge plus how much electrons flowed to minus how much electrons flowed away from the atom.

This method does not account for the environment of the molecules and how they affect each other in that sense.
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The charge equilibration method is slightly more elaborate, but still fairly quick. This method applies a very similar table of atomic electronegativities. The premise is again that charge will flow from atom to atom based on their electronegativities, but the difference is that the deciding function is based on the energy, or the molecular potential. This allows for an additional term to be introduced which may account for the environment of the molecule.

Ultimately, every time something changes in the molecular model, this equilibration method should be performed. In practice that is rarely done however. At least, I haven’t seen any commercial implementations of such a scheme.
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As said, the methods that follow derive charges for a given molecule off of a quantum mechanics calculation. This obviously takes much more time and therefore it is unfeasible to recalculate charges as the molecule changes conformation or when its environment changes.

Population analysis is a method that looks at the occupation of the molecular orbitals. This can be done quite easily if the coefficients of the self consistent field are established. For core electrons - which are present on the same atom all the time - this is easy. Each of those electrons simply adds one negative charge unit to that atom. For the electrons that form hybridized molecular orbitals the question becomes how much time each of the electrons is effectively spending on the atoms involved. The simplest method is to simply divide them 50/50, which is the Mulliken method. Lowdin later came up with a slight improvement in that he found that the molecular properties were not properly represented if its dipole wasn’t maintained. Such properties as solubility for instance are very strongly influenced by the molecular dipole. He therefore devised a method that constraints the dipole. Stockholder, finally, requires a somewhat more elaborate analysis. It effectively integrates the electron density in the proximity of the atoms and assigns charges accordingly.
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The best method for charging is definitely based on the electrostatic potential. The ESP is what an external probe charge would ‘feel’ around the molecule. When a charge set is fitted properly, the forces, energies, etc. are properly described for the purpose of simulations. The downside is obviously that this fitting routine is the most elaborate of methods and - from a practical point of view - there is no theoretical best method to do it in.

The most discussed issue is where to put the sampling probes. Given the fact that you have to choose a finite number of probes and depending on where those are located you can either get a good fit for a close proximity or a longer distance potential. Also, you have to choose whether you want to constrain the molecular dipole. We’ll see some more on that issue later.
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The general method is to first establish the ESP for a large number of points r. The goal is to obtain the same ESP using a charge set where all the charge is condensed onto the atomic centers.

The ESP at the points r are now simply the sum of the net atomic charges divided by the distance to that point.

slide 193

The challenge is of course to obtain the best possible fit. To find the best fit to the reference set of ESPs a difference function is needed.

What is typically used is a scheme that calculates the R, very similar to the fit function R in structure refinement. The difference is that we take the square of the difference between the fitted and reference ESPs at each of the points r. A weighing scheme, using the w can be used. The weighted difference is the root mean square, which is typically what is used to describe how well the ESP is fitted. It is necessary to correct for Nr otherwise the fit would automatically be worse for a larger test set.

A computer algorithm can be used to fiddle with the charges until it cannot lower this function. The number of probes, Nr, is typically chosen to be very large; several thousands of points. This is to ensure that the fit is not “over-fitted” to the particular points chosen.

When only a handful of parameters are used to fit thousands of data points, we call that a massively over-determined problem set.
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As said before the positions of the probes to determine the ESP are more or less an arbitrary choice, but obviously you want to have a method that produces meaningful and reproducible results. Various methods exist. First there is the MK scheme. This method samples the Connolly surface. The Connolly surface is obtained by moving a probe along the Van der Waals surface. It therefore represents what a small molecule would experience when interacting closely with the molecule. The grid that ensues has a spatial density which is determined by separating the points by roughly 1 Angstrom.

For larger molecules some of the longer distance interactions would be somewhat underrepresented, so therefore in the CHELP method sample points are taken a little further away too. CHELP stands for CHarges from ELectrostatic Potentials and was invented by Breneman and Wiberg. It applies spherical shells around each atom each of which get 14 probes in a particular equally spaced distribution. Several of these shells - with that same distribution of 14 points - are placed on each atom. What that causes is a somewhat biased sampling with respect to the orientation of the molecule.

To prevent that problem later a grid based sampling scheme was introduced, the CHELPG scheme. That scheme uses a cubic grid with a default point distance of 0.3 Angstroms. For both CHELP/CHELPG all the points that would fall within the VdW radius of any atom is discarded. It makes no sense to sample the ESP where no other molecule can ever interact after all.
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Here we see what the point distribution looks like when using the MK scheme. Notice that the positions of the points are highly correlated in certain orientations.
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The CHELP scheme causes the sampling points to appear like spokes on a wheel. The ESP further away from the molecule is therefore underrepresented. That’s not necessarily bad, by the way, especially if you’re mostly interested in crystals and fluids where all the interactions are dominated by short distance ones.
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The CHELPG scheme is most definitely the densest scheme. You can see the grid points are organized in a cubic grid. CHELPG is generally accepted as one of the more reliable sampling schemes.
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Here is an example of how the calculated charges are influenced by the particular sampling scheme chosen. Notice that because the molecule is symmetrical all carbons, nitrogens and hydrogens should have the same charge. This is clearly not the case for the MK sampling.

CHELPG uses more than 10 ten times more sampling points than the CHELP scheme. The fit data is almost 1000 times over-determined.
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There is no reason why the point charges must necessarily be placed on the atom cores. Sometimes this restriction leads to very poor results. There are several things people use to improve matters. One method is the so-called multipole expansion. I’ll talk about that on the next slide.

Another method is to simply assign additional sites on which a charge may exist. One obvious example is to put some electrons on the location of a lone-pair, or to assign some location to hold the pi electrons of aromatic systems. This can be done in a chemically intuitive way, where those sites are typically determined by what the chemist understands as those locations. It may also be up to a computer algorithm to find particular locations around the molecule to put charges at; based on the ESP. The restriction of having to have charges on the position of the protons may even be let go of. An extreme of this distributed charges model is to use a grid of several hundred points on which, again by fitting to the ESP individual charges may live. The PIXEL method of Angelo Gavezotti is such an example.

Finally there is the core-shell method. In that method each atom’s nucleus is represented by a core charge and the electrons are represented by a shell, which is close to the core but not necessarily at the same location. The benefit of this method is that atomic polarization can be accounted for if a polarizability parameter is fitted to each of the atoms.

slide 200

The higher level moments can be understood by looking at these examples. The dipole stems from 2 charges of opposite sign positioned at a relative distance. Any point on the horizontal line exactly in the middle ‘feels’ the exact same positive as the negative potential. The resultant is 0. At any point above that line the potential is negative; above it it is positive.

You can draw similar equipotential lines for a group of 4 charges. The total charge of the 4 is again 0. The dipole moment of this system is zero, but the quadrupole is not.

the moments of the poles increase in factors of 2: 1 is the charge itself, the monopole, the dipole is the distribution between two charges, then comes 4, 8 the octupole, 16 the hexadecupole, etc.
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The multipole expansion is a method that fits moments of the charge distribution on the same position as the atomic charges. It does it in a way that, again, produces the lowest fit to the ESP.

At further distances the distance to the core, R and to the shell, r becomes negligibly different. The result is that the higher order terms in the multipole expansion diminish very rapidly.

Effectively, as we already know, the monopole-monopole interaction diminishes by 1/r. The monopole-dipole interaction by 1/r2, “r squared”, dipole-dipole by 1/r3 etc.
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This example shows for s-tetrazine how the fit to the ESP can be improved by adding one fit parameter: a lone pair charge at 0.25 angstroms in the trigonal position of the nitrogens. The fit has improved by more than a factor of two. This indicates that, indeed, the original RMS was limited by the lack of that aspect.
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Finally, here we have the core-shell model.

Instead of having one charge on the core, there is an additional charge that is held in position by a virtual spring, labeled with the delta. By separating the core and shell charges, an effective dipole can exist on each of the atoms.

The fit of the charge values is in principle not any more difficult than with the original point charge model. Fitting the position of the shell, however, is a non-linear problem, which is much harder to calculate. Other than that the electrostatic potential again boils down to a simple summation.

The spring constant can be fitted to mimic the polarizability of the atoms. That allows for a charge model that can react to its environment.

One word of caution is due. The dipole moment is affected both by the magnitude of the charges as well as the separation of the charges. The fitting procedures may therefore go haywire if this issue is not addressed. Typically one constraint is applied, either the separation of the shell from the core is fixed or, one of the charges. Our practice is to choose all cores to have a +1 charge.
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Here we see the results of a charge fitting spree using point charges, the Williams lone pair model and using core-shell charges. The point charges, having a lot less fitting parameters are clearly outperformed by the other two models.

The difference between the lone-pair model and the core-shell model isn’t all that great. It turns out if an algorithm is used to find the best position for a set of shells that does not produce a significant improvement over putting a satellite charge on the lone pairs. The upside of the lone-pair method is obviously that the computer algorithms can be a lot simpler. The downside is however, that it takes a person with chemical intuition to come up with that placement.
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Up to now we have mostly talked about the potentials, or the energies, of molecules, and larger systems. The question is what you do with that. Knowing the potential energy of a given system is only in a very limited number of cases a relevant piece of knowledge. It is mostly physical properties that people are interested in.

To obtain that kind of data it is necessary to apply certain modeling ‘techniques’. Some of these we have already seen in the homework using Gaussian: optimization by energy minimization, for instance.

When the properties of interest are predominantly determined by those of the single molecule, for instance toxicity, color and other spectral excitations, chemical stability, acidity, QM calculations often do the job. Many properties are however determined by how the ensemble of molecules is behaving. In those cases it is necessary to somehow sample the properties of that molecular ensemble. In this chapter I will focus on molecular dynamics, Monte Carlo sampling and will go into some more detail about minimization.
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As said, the techniques I will be talking about were designed for larger systems, which would move us into the nanoscale.
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When we are dealing with ensembles of molecules, that system quickly becomes very large in terms of the parameters that need to be tracked. As we have seen in the lectures on coordinate systems, each atom is represented by a set of 3 coordinates.

As we have seen for a single diatomic molecule we can visualize its energy as a function of the bond stretch. But what if we have a larger molecule? Even with 3 atoms there’s already 2 stretch parameters and one bending parameter. It is impossible to visualize a four dimensional function. So you can imagine that a system of a couple of hundred molecules is completely impossible to visualize. The potential function, V, is in general a function of 3N coordinates. We can call that collection of 3N parameters, or “dimensions”, a superspace. If the potential function is projected in that superspace we typically refer to that as a hypersurface. As said, we cannot visualize that function; only 2D and 3D projections of it. In other words we can only look at 1 or 2 dimensions at a time.

Because the entire model can typically be translated to another position and the coordinate system can be oriented in an arbitrary fashion, the total dimensionality to describe the system is reduced to 3N-6 parameters.
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Here we see a 3D projection of the hypersurface of pentane. In particular we are projecting the two torsion parameters indicated in the molecular diagram. You can understand that due to the steric interactions of the two ethyl groups surrounding the central carbon there are more and less favorable molecular conformations. The potential energy correspondingly has minima and maxima, or peaks and valleys. 

If you look at the isopotential surface, you can see that it is highly symmetrical. In the 3D projection the data was truncated at the edges as the energy can be expected to skyrocket in that region. In that region the ethyl groups are overlapping.
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To find the most favorable conformation of the molecule, we would be looking for the minimal potential energy. This is what we have been doing in the homework with Gaussian. Notice that, because of the symmetry of the system, there are a couple of identical minima. In this case there are two exactly identical minima that are the lowest. The lowest minimum of the entire system is called the global minimum. All other valleys represent local minima. If you look closely you can see a total of 9 minima. There are also some local maxima. The global maximum isn’t shown as that would correspond to some conformation in which the ethyl groups are completely overlapping.

Four local maxima are showing that essentially correspond to eclipsed conformations with respect to the central carbon. If you were to manipulate the molecule so as to wander from one local maximum to another at some point you would hit a point that is the lowest point on that line. So that is a minimum in one direction, whereas if you would go over that hump in the perpendicular direction it would be a maximum. Such a point is called a saddle point, named for the resemblance of a saddle that that shape represents.
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In a formal sense a local minimum is a point in the superspace for which in the direct vicinity all surrounding points have a higher energy. In a mathematical sense, the 1st derivative of the potential function with respect to all dimensions must be zero at that point. The latter is also true for local maxima, except that that point is surrounded by points that are all lower in energy.

Only one global minimum exists on the hypersurface. All other minima are local minima. This issue becomes a little complicated sometimes, when you are looking at projections of the hypersurface, where all other parameters are held constant.
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At a saddle point the derivative is also zero with respect to all dimensions, but in that case there is a mix of higher and lower points surrounding it.

As said, it depends on the direction you traverse the saddle point.

It is possible using Gaussian to search for saddle points. Why are saddle points interesting? In this particular example the molecule can exist in different local minima. Each of those corresponds to a conformation that the molecule will exist in most of the time. But what does it take for the molecule to go from one conformation to the other? It takes exactly at least the energy barrier posed by the saddle point. The difference in energy between the local minima and the saddle point between them represents the activation barrier of that transition.
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What is all that minimizing good for, you might ask.

When you draw a molecule in GaussView and you do not know what the bond lengths and such should be, it is very obvious why you would want to do that. Mother Nature would never allow systems to exist in a state that is too far away from a minimum. This is because of the second law of thermodynamics.

We have also seen that the experimental conditions at which for instance a crystal structure is determined can introduce small errors that can have a detrimental effect on the potential energy of the system.

Minimization is probably the most common technique used in molecular modeling.
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There a many methods available to minimize things. In general, the more information you can express in algebraic form, the more efficient you can minimize. This is especially true for the derivatives of the system.

The simplex method is the simplest. For all parameters involved you simply go by trial and error, changing one parameter after another. This is similar to walking in the mountains being blindfolded and taking a step left, right, forward and backward. Steepest descent and conjugate gradient use the first derivative. That is similar to replacing the blindfold by a very dense mist. At least you know in which direction to step.
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So let’s look into this in a little more detail.  

When you have the luxury of being able to express a function and plot that function is extremely easy to point out where the minimum is. In a multidimensional space that is no longer possible. When you try to write a computer program to find the minimum in the multidimensional space, you have to use some tricks therefore.

First there is the criterion of what a minimum really is. The derivatives of the function are an extremely useful tool. One thing I mentioned before is that the derivative must be zero at the minimum. If we were to plot the derivative of the function on the left, that function would cross the x-axis at that point. But, as said before, local maxima and saddle points also go through zero. To address this issue you can analyze the second derivative. For a minimum that must be positive, for a maximum it must be negative. Oftentimes the second derivative is not available; what you need to do then is to calculate the energy just left and right of that point; a numerical evaluation of the second derivative if you will.
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A second issue with function minimization is that, in general, you cannot evaluate the function at more than a handful of points. A line represents an infinite number of points. You don’t have the luxury of determining that, if a single function evaluation takes even a couple of seconds. So what you’re looking for in a minimization method is to find the minimum in the least number of function evaluations; indicated by points on the line in this figure.

Let’s look at how the steepest descent method does this. Bear in mind that the figure only shows a 1 dimensional function, whereas in reality there are dozens of dimensions at the least.

For this case, assume that we start out by having a general idea of where the minimum is. We start out by probing the derivative at points 1 and 2. 1 is above zero; 2 is under it. Assuming the curve of the function is continuous and only has one point where it crosses zero, we may now assume that the minimum is somewhere between point 1 and 2, but you don’t know exactly where. The bisection trick is to draw a virtual line between 1 and 2 and assume that the function crosses zero close to where that line crosses. This gives us point 3. Point 3 is still below zero and point 1 is still above it, so we repeat the procedure and get 4. This process repeats like this until finally a point is found that is just above zero. Then point 1 is dropped in favor of that point as the upper limit. You keep narrowing the upper and lower limit until you find a point that is sufficiently close to the minimum. To make that decision you need to choose a so-called convergence criterion. For instance if you choose 10e-5 you call it quits when you’ve found a point where the derivative is between -10e-5 and 10e-5.
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You can see in the example on the previous slide that choosing the center between two points isn’t necessarily a good choice. Only when the function is linear is that a perfect choice. The second issue is that you need to keep track of the lower and upper limit, which increases the number of function evaluations, which is something we said we wanted to keep to a minimum.

The Newton-Raphson method applies the second derivative to address these issues. Assume we have the same function we had on the previous slide and that we started at the same point labeled 1. Now what we do is to take the second derivative to estimate where the first derivative is going. We now assume that value for x which gives us the point labeled 2. When repeated we get 3. In this case that would have been enough to satisfy the convergence criterion. You can easily see that this minimization technique is much more efficient, but there is a downside. Evaluating the second derivative isn’t always easy. Sometimes it is even harder than evaluating the function itself and oftentimes we cannot calculate it at all. Imagine the function evaluation to be a full SCF cycle for instance.
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There is another downside to using higher order minimization techniques, namely that if you are too far away from the minimum the function may curve and turn the search in the wrong direction.

A smart way to do minimizations is to first do a couple of rounds of simplex, followed by some cycles of conjugate gradients and finalize with Newton-Raphson.
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What can happen is that you are looking for the global minimum of a system, but you have no idea where you should start to be close to that minimum. What can happen is that you find a local minimum. Look for instance what minimum you would end up in if you were to start the minimization in one of the two leftmost points.

Local minima are a huge problem in minimization techniques, especially in crystalline systems of molecular compounds where the parameters are highly correlated.

Some additional search techniques such as Monte Carlo sampling, genetic algorithms and the likes may be needed to address this issue.
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So far we’ve only looked at 1 dimensional examples. The steepest descent technique seemed reasonably efficient, but it turns out it isn’t so for multidimensional functions. Imagine what happens in this example. The plot signifies a two dimensional isosurface of which the minimum is in the origin. When you start at the given point you can see that the steepest descent in that function is to go straight down. In the next step you then do a step to the left and so forth. What happens is that when you’re just off of the straight line that would point directly at the origin, the steps taken escalate the issue. You never find the actual steepest descent of a longer term approach.
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What the conjugate gradient method does is to ‘remember’ the previous step taken and to turn gradually in the new direction. This turns out to be a much more efficient way to do the minimization in the end. You can see in the figure how conjugate gradients turns in the right direction in only a few function evaluations, whereas steepest descent keeps wiggling back and forth.
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Calculating second derivatives is so common in molecular modeling that they typically refer to this problem as the Hessian matrix approach.

The Hessian matrix contains as elements the partial derivatives with respect to each possible set of two parameters. For this reason if there are N parameters, the Hessian matrix is an NxN matrix.

The Hessian matrix for instance gives you the frequencies of vibrations of the system. The Gaussian analysis for IR/Raman uses this matrix.
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One of the major challenges in molecular modeling is entropy. Rather than existing at the minimal energy configuration, any system will vibrate around that configuration because of the thermal energy. The thermodynamic effect of all those thermal excitations is what we call entropy. Systems are governed in their behavior by the free energy, which includes the entropy, so to predict anything other than at 0 Kelvin we would have to take that into account.

The problem is obviously that when we look at those thermal vibrations a lot of thermal modes are present; all of which will show correlations and so forth. What ensues is that if we want to evaluate the proper free energy of a given system we would need to probe an infinite number of system configurations, which is of course impossible.

Some problems in modeling, for instance when comparing similar systems will allow you to subtract energies and sometimes it is safe to assume that the entropies of similar systems will then cancel out.  You will have to realize what it is what you are doing to know whether or not you can ignore the entropy of a system.
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Here we see what happens to the relevant energy contributions to the free energy when we depart from 0 K.

Because the vibrations are increasing in number and amplitude with the rising temperature, the system spends less and less time at its minimum energy configuration and more and more time further away from it. The result is a loss of energy and thereby enthalpy. Remember that H=U+pV, where U is the potential energy. Assuming the pressure is kept constant the system expands; called thermal expansion. At the same time the entropy is getting larger and therefore the term TS increases even stronger than linearly with S. The resultant Gibbs free energy typically does go down.

Different phases of the material will allow for larger numbers of thermal vibrations to exist. This causes the Gibbs free energy curves of different phases to cross, which leads to the phase transitions.
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If we look at the story of the previous slide in terms of a potential energy diagram what is happening is that a wider and wider range of system configurations is being populated. You can see that the average potential energy is going up in a non-linear fashion. 
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What happens to the pentane molecule that we saw earlier if we were to evaporate one at ambient conditions is depicted in this plot. The molecule would spend a lot of time in the bottom of the valley and from time to time it manages to wiggle itself across a saddle point and then spend some time in the next energy well. The way it would traverse the energy landscape would look completely random, except that the average height of the molecule is given by the surrounding temperature.

When we simulate this process we do what is called molecular dynamics. You will do some of that stuff in the homework using Tinker.
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For a lot of modeling work it is necessary to calculate a certain property of the system at a given temperature. If that property can be expressed as a function of the positions and momenta of all the particles, then we can determine that property by properly sampling that function for all the relevant system configurations. As said before, even for smaller systems the number of configurations appears to be infinite, so that’s why people devised some smart tricks.

The formal ensemble average of the property A can be obtained by writing the average property as the integral of that property with respect to time. Assuming you can sample that property for an infinite amount of time you should be able to obtain the exact value.

Because integration is not very practical, we have to simplify the integral to a summation. In other words we skip a lot of intermediary steps. All this will become a little clearer when we look at molecular dynamics in which a number of consecutive system configurations is sampled.
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Another way to sample the configuration space is to look at the ensemble average. There isn’t a need to sample time-related configurations as is done in molecular dynamics to calculate the average properties.

Again a property A can be expressed as a function of the coordinates and moments of all the atoms. Integration gives us the exact average and a summation produces a good approximation; as long as that sampling is done in a way that still represents the average of the entire system. A useful method to ensure that is to use constrain the system to the Boltzmann distribution. The Boltzmann distribution relates the number of occurrences of a particular system configuration to its potential energy. 
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The trick to Monte Carlo sampling is to more or less randomly sample phase space. By more or less I mean that doing this fully at random would waste a lot of time and effort. Most Monte Carlo sampling algorithms apply an importance sampling principle, where the most important configurations are sampled most.
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As said the Boltzmann distribution is then used to estimate how often - in a timed average sense - each configuration weighs in to the average system configuration. You may have noticed the Q in the equation. Q is the partition function, which refers to the grand integration of all possible system configurations. It is obvious that that integration cannot actually be performed for most systems under study. The Energy used for this purpose can be expressed at a summation of the kinetic energy and the potential, just like is done in quantum mechanics.

The interesting thing is that the potential energy depends solely on the position of all the members of the configuration; the kinetic energy depends on their moments.
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There are a couple of terms used with Monte Carlo sampling. The ensemble is the complete collection of systems, or system configurations. So that means for a given set of molecules in a simulation cell, the ensemble encompasses every possible arrangement of the molecules in that cell. It may also include every possible size of the cell and every possible number of molecules in the cell; you may add or remove them.

The ergodic hypothesis is that the time and ensemble averages are the same. In other words if we observe a system long enough we may assume that the average of all the system configurations observed becomes equal to that of the complete ensemble. This poses a problem when we do molecular dynamics and Monte Carlo simulations in that we need to sample long enough to reach ergodicity. That in turn brings up the need to have a criterion to probe that requirement.

As said in previous slides, the partition function is the grand ensemble integral. Can we even do anything useful if we can’t calculate that? The answer is yes and the trick is to use relative energies of the system. You get the relative energies by division, which means the Q cancels itself.
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Do we always need to sample all possible system sizes, number of molecules and all that? Well, it depends on what you try to calculate. Under normal circumstances when you do an experiment, some parameters of the system remain constant. For instance the pressure in a lab typically is kept at ambient pressure. If you do an experiment in a closed container the volume is kept constant, etc. This limits the size of the ensemble. For the various different options of which parameters are kept constant scientists have come up with interesting names for these reduced ensembles. When N, the number of particles, V the volume, and T the temperature are kept constant we are dealing with the canonical ensemble. When you simulate a system within this ensemble you obtain results that compare to the Helmholtz free energy in thermodynamics. 

If the energy instead of the temperature is kept constant, we are dealing with the microcanonical ensemble. This ensemble is typical for molecular dynamics. Experimentally you can maintain a certain temperature by putting the system in a water bath; constant energy is maintained by completely insulating the system. In principle the latter is impossible.

The NPT ensemble is something that produces results similar to the gibbs free energy. This is typical for open containers that maintain the ambient temperature and pressure. From a computational point of view this is the most difficult ensemble to sample. The grand canonical ensemble, finally, pertains to systems where the chemical potential is kept constant instead of the number of particles. This is useful, for instance, to simulate processes such as phase transitions where particles are exchanged between different phases.
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Instead of random sampling there is also dynamics based sampling. If the position and speed and all the forces in a system are known, you can apply Newton’s laws to figure out what the system will look like a little bit later. The phase of the moon and the position of the planets can be predicted this way, for instance.
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When we apply the Newtonian physics model to a system configuration we have only one problem. We cannot express the complete system analytically. Therefore we need to use an algorithm to take a time step, then calculate the new forces and resulting accelerations of the particles and so forth. As long as the small departures from the analytical path cancel out, the sampling will be valid. Several sampling methods have been in use but the Verlet algorithm is generally accepted as one that minimizes long term drift. 
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A crucial parameter is the size of the time step. Here we see a simulation which had a much too large time step. You can see that by following the gradient of the initial point for too long, the simulation path wanders off course very quickly. The situation never recovers when that happens.
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Here we see the result of a simulation where the time step was taken to be rather small. The upside is that the analytical path is reproduced pretty well, but the downside is that you would need to do a great number of function evaluations to reach the end of the curve. As a result the ergodicity of your sampling would be poor or the simulations would take much too long.
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A typical time step used for molecular dynamics is in the order of a femtosecond. That means a typical simulation of a relevant system can take weeks to simulate but a few nanoseconds of the process.

What is typically done is not to simulate actual processes but rather to sample the equilibrium of the system and to extract properties from that.

the temperature can be calculated from the moments as shown here.
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Other properties we can calculate are listed here.
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One problem with molecular dynamics is that we typically don’t know where to start. If random positions for molecules are generated that typically results in a very poor energy of the system. The start of a molecular dynamics simulation is therefore always an equilibrium phase. In this plot you can see the rather high initial energy come down in the first 5 picoseconds. From there the system remains stable and has apparently reached equilibrium. You typically monitor for this behavior as you want to discard the non-equilibrium system configurations in the calculation of the average properties.

slide 240

In Monte Carlo simulations we do not apply the Newtonian physics. This saves us the trouble of having to calculate the equations of motion. The problem here is that random changes to the system will most likely put you in a state very far away from equilibrium. To prevent that from happening usually very small random changes are performed by trial and error. When you look at a chain of those events it ends up looking quite similar to a molecular dynamics simulation therefore. This type of sampling is called metropolis sampling and is used so often that these two things are sometimes used interchangeably.
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See Leach chapter 8.3 for more details about the metropolis sampling. In short, a ‘move’ is made when the resulting potential of the system is within the reach of the Boltzmann distribution. If the system goes down in energy the move is always accepted if the energy were to go up you only accept that by a change proportional to the Boltzmann factor.

For an ideal sampling you want the size of the random changes to be such that about half of them is accepted and half of them is rejected.
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The upside of using Monte Carlo sampling is that, because it doesn’t have to make physically possible steps, it covers more of phase space. In other words it is more efficient in reaching an ergodic sampling.

The downside is that it is more difficult to look at actual processes. So if you’re not just interested in the average behavior of a system. For that there are some other types of sampling techniques, but in general you’re better of doing molecular dynamics if you want to analyze specific molecular behavior.
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Let’s have a look what it would take to model something as simple as a glass of water. If we assume a typical volume of 250 ml we end up having 13.877 moles or 8.357 times ten to the 24th molecules of water. That times three for the number of coordinates times 4 to store these numbers as 32 bit float requires 3e26 bytes or 2.8e17 gigabytes! That requires a lot of hard disks. Assuming we can even build a disk that large, on a reasonably modern motherboard with a 1 gigahertz memory interface yielding 8 gigs per second it would take roughly a million years to write all that data to that disk.

You might argue that this is merely a limitation of computational power, but if we assume that computers double in speed every year, it would still take until long after my retirement to be able to deal with that much data in practice.
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So what do we do if we can’t even handle a system as simple as a glass of water? Well, the question is whether we really need that large a size. If we were to take a somewhat smaller glass, of say 100 ml or maybe a shot glass or maybe a single drop all of the properties of that system would not change. Color, density, taste are all the same. So to model those properties we can do with a much smaller system.

The question is now of course how small a system would still produce properties that are identical to the full size system.
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If we look at very small droplets, the smallest droplets we can in a practical sense make, for instance the picoliter sized droplets shot out of an inkjet printer, we are still dealing with droplets. However, at that size the relative influence from the surface tension has changed considerably.

The problem thus becomes that if we make the system really, really small we end up looking at the surface only. To know what the bulk properties of water are, that’s not what we want.
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The trick to eliminate the surface effect is to apply so called periodic boundary conditions. To demonstrate this method, look at the movie on this page. It is the same simulation of water we have seen before.  I have marked the periodic boundary box and marked a particular atom with a star. Just like a unit cell in a crystal structure, the environment in the neighboring boxes are exactly identical. This way no water molecule is ever experiencing the edge effect of the surface layer. We can simulate an infinitely large system therefore by using this trick.
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Effectively the way this is done is to, in the evaluation of the forces on each molecule is to assume that what appears near the edge on one side of the unit cell also exists on the other side.
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What if a particle during the simulation would move out of the box? That is simply a matter of letting it reappear on the other side. In this visualization of the same simulation we only show the one central unit cell; the actual simulation box.

In a number of instances molecules appear to jump quickly from one side to the other. This is of course not really what happens. They only just move outside of the range of the simulation cell.
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The PBC has a limitation. If you would use a very small simulation box there would be too much correlation in the behavior of the molecules.  Look at the blue molecule on the left. Let’s say the blue circle is the circle of influence, or the range of molecules that the blue molecule can ‘feel’. Now what happens if the red molecule would move it would appear that both images of that molecule would move in exactly the same manner. That is of course not physical. In reality 2 independent molecules would never move in a correlated way like that. The results of the modeling of that system would be unrealistic.

A trick to prevent this problem would be to build a super cell, of for instance 2 by 2 existing cells. After a short relaxation the molecules will no longer show the correlation.

Formally, this is the minimum image convention. In practice to prevent any problems you should make the simulation cell at least as large as the diameter of the cutoff sphere; in other words the cutoff radius should be at least half the size of the smallest dimension of the simulation cell.

slide 251

Crystal systems are a natural occurrence of a periodic system. It therefore makes perfect sense to simulate the system using the periodicity of the crystallographic unit cell. 
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To calculate all the interactions in a system configuration of thousands of molecules would waste a lot of time. If we look at the Van der Waals interaction between two atoms we can see that that interaction decays to less than a percent at just over 7 Angstroms. To safe time, you therefore typically use a cutoff radius outside of which you can simply assume the interaction is zero and then you don’t have to do a function analysis of the Van der Waals interaction. Neon is shown here. Even for the largest of atoms a cutoff of 10 Angstroms is fine.
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Here I have placed a - sort of average - molecular charge on both of the Neons. You can see that the Van der Waals interaction is all of a sudden negligible. What’s even worse is that the Coulomb interaction doesn’t decay within this 10 Angstroms.
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Here the plot goes up to 40 Angstroms. Still the Coulomb potential is significant. In fact it isn’t up to 272 Angstroms that the Coulomb potential drops below 1% of the maximal attractive energy (which is in the well).

This means that if we want to take all of the Coulomb energy into account all of our calculations would have to reach beyond that cutoff radius to be within 99% accuracy. The computational time would be enormous with those kinds of cutoff radii.

A more fundamental problem is, that the picture looks even grimmer because of the fact that within such a radius the number of particles has grown cubically, that is, by the power of 3 with r. So the number of particles being taken into account is growing faster than their interaction energies are decaying.

This means that the energy is not converging with increasing radius; it is in fact exploding.
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There is fortunately one positive thing. As long as there are just as many positive charge units as there are negative ones, the attractive and repulsive Coulomb forces start to cancel out at long distances. All crystals have charge neutral unit cells fortunately even ionic crystals.

Paul Peter Ewald came up with a brilliant solution for this convergence problem. The math he used to come up with this solution is closely used to that used for the structure factors in X-ray crystallography.

We start by writing the Coulomb sum not as a sum of all the respective atoms, but as a sum of everything within one unit cell, plus a summation over the translational symmetry, which is represented by the symbol n and the third summation.
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The Ewald trick is now to write the summation over point charges in a way that adds and subtracts a particular function that is both representative of the charges and easy to deal with. That function should of course represent the charges. That function is a density function “rho of r”. Notice the resemblance of this function to one that we have encountered in this course already: a Gaussian!

Now we split the summation into two parts. First we do the upper part from 0 to 8.5 Angstroms or so. That converges really quickly, much quicker than as 1/r because in this sum all the charges are essentially neutralized. So we don’t need to go much beyond that radius. We have now however introduced an error by the size of those Gaussians.

To do the correction we need to calculate the coulomb sum of those Gaussian like charge distributions, which would put us in that problem of the numerical explosion again. However, having these inversed charges in the Gaussian representation allows us to do a trick, namely to convert that expression by a Fourier transform.
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The Gaussians are here written in the error function notation on this slide. The Fourier transform is pretty simple. All that we have to do now is calculate the summation over the reciprocal space to get the summation over the remaining 8.5 A to infinity.

Notice how similar the math is between the structure factors and this Fourier form?
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All the math is rather complicated and for that reason there are probably not that many programs that use this technique. However, some commercial codes are available that do and when you have access to this option you are strongly recommended to use it at all times.

One last comment is to note that the Ewald summation cannot be performed when the total charge of the system is not neutral. In normal circumstances that simply means that the model used didn’t properly constrain the atomic charges properly. Especially in commercial software there is typically an automated test to prevent this problem.
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An important aspect of modeling of molecular crystals is polymorphism. Polymorphism is the ability of a compound to crystallize in different arrangements.

Usually the example of this phenomenon used is that of diamond and graphite. Both are pure forms of carbon, but have a different crystal structure. While that is true, they are however also different molecular species. A diamond crystal is a completely covalently bonded molecule of sp3 carbon atoms. Graphite consists of layers of aromatic sp2 hybridized carbons. By the same reasoning buckyballs and carbon nanotubes would also be polymorphs.

Worse yet, if all that mattered was how the atoms were arranged in a crystal lattice without looking at how they behave chemically, then crystals of ethanol and dimethyl ether would also have to be polymorphs. This is clearly ridiculous, as they are completely different chemical compounds. So are diamond and graphite. The proper way to relate the various forms of carbon is to classify them as allotropes. Only different crystal structures of the same molecular compound are called polymorphs.
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So what can we compare polymorphism to? A good metaphor is looking at brick walls. Bricks are fairly uniform and the parallel to a unit cell is quickly drawn. We can now stack bricks in various different ways. a) would be a pretty straightforward way to do it. b) is what we mostly see in walls. This is of course because that pattern has a higher shear strain because of the mortar joints are more distributed. They are however only distributed vertically, not horizontally. One way of doing both would be to lay the bricks in pattern c). I have never seen pattern c) in a wall. That would probably be too impractical for the bricklayers to do. Or maybe horizontal shear strength isn’t much of an issue in construction. Pattern c is however mostly used when bricks are laid to pave streets.

Pattern d shows another way in which the shear strength issue could have been addressed. In this case the brick is of course no longer the same, so we would not consider that to be a polymorph. The pattern is however still the same as that of structure a. We refer to that as a and d are isostructural systems. Many cases are known of different compounds that are isostructural.
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para-acetaminophenol, shorthanded to acetaminophen in the USA and as paracetamol in the rest of the world, is an example of a compound of which we know at least two polymorphs. We know of hundreds of polymorphic systems by the way, so it is a very common phenomenon.

Typically, polymorphs have different spacegroup symmetries, but that isn’t necessarily the case. What usually is notably different is the set of unit cell parameters.

On the other hand though, when you do see a different set of unit cell parameters, for two structures of the same molecule that doesn’t necessarily mean they are indeed different. It may also just be a different setting of the same structure. Usually the easiest way to tell if they are different is to calculate the powder patterns and compare those.
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This is what the two different structures of acetaminophen look like. You can easily find those in the CSD.
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If you search the CSD for the term polymorph, you are guaranteed to find hundreds of structures. In November 2005 there were 526 hits, now there will be many more. Bear in mind that this is only the tip of the iceberg as only in those cases where people took the effort of publishing multiple structures of a compound will be known as polymorphs. There are many cases in which the research done was proprietary or where the quality of the crystals was too poor to solve the structure of all but the most stable form of the material. If a compound does not have polymorphs in the CSD means absolutely nothing.

Given a certain compound, the probability of it having polymorphs goes up with the number of hydrogen bond donors and acceptors on the molecule. It also goes up with the amount of molecular flexibility.

Polymorphism as very common for pharmaceutical compounds and for that reason companies exist that commercially screen for polymorphism.
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The probability of actually finding polymorphs of a given compound goes up with the amount of effort put into searching for them, alongside with the diversity of crystallization conditions. There is a famous passage written by Walter McCrone on this issue that is often quoted in the scientific community.
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I personally like to make an even more provoking statement namely that in theory an infinite number of polymorphs can be constructed, and if you were to produce these forms under cryogenic conditions many can be kept in a metastable state. This is essentially what you do when you do polymorph prediction in the computer, which is something I will talk about extensively in this chapter. Only a small portion of those structures would be metastable at room temperature. The energy wells of all the other structures are simply too shallow for them to exist for any significant amount of time. They are what’s called thermally instable. For that reason, these forms cannot be produced at elevated temperatures.

The remaining metastable structures must somehow be produced through an experimentally feasible procedure. There may not necessarily be a possible route to achieve every possible metastable state and those polymorphs will therefore also never be found experimentally.
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Although the differences are sometimes marginal, all of the properties related to the solid state are different between polymorphs.

Obviously the packing is different, resulting in a different X-ray pattern.

The thermodynamics are different, causing forms to either be stable or metastable.

The spectroscopic properties are different, resulting from the differences in the molecular interactions. This is useful of course so that we can identify the forms by IR/RAMAN etc.

The kinetics are different, causing metastable forms sometimes to have higher nucleation rates and so one and so forth.

These differences are sometimes desired, sometimes they are not. For pharmaceutical purposes the most important properties are chemical stability and the dissolution rate. For obvious reasons it is usually important to keep good control of the polymorphic form in pharmaceutical processing.
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On this and the next slides I have expanded the properties within these categories. I dare not claim that this list is exhaustive.

No categorization is perfect. Many properties belong to different categories. 

slide 269

The most important thing about thermodynamic stability is shelf life of chemical products. We will look at the relative stabilities with respect to the temperature later.
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Notice that the dissolution rate is not a thermodynamic property. This makes that property very difficult to predict and control. You can see how this brings up major issues since it is the most important parameter controlling the blood levels of orally administered drugs.
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Many of the properties of this slide affect issues in the manufacturing of drugs.
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We have already seen hydrate crystals in which water molecules play a very distinct role. Besides the “pure” polymorphs, structures in which only one molecule arrange differently, there are several other solid forms that I tend to classify as is presented on this slide. Many people have their own classifications however, depending on their field of research and level of intelligence.

I have also already covered the solids of other dimensionality shown in the top left corner.

On the bottom part of this slide we see the mixed forms. By mixed I mean forms that consist of at least two different types of molecules. On the left we see disordered phases. A “solid solution” refers to a state of matter in which the molecules have a high degree of translational symmetry. The type of molecule at each site in the lattice is however random. On the right hand side we find co-crystals. These are crystals in which the crystal structure is very well defined. The unit cell has no variability throughout the crystal. Co-crystals are currently a hot topic in the pharmaceutical industry as it is seen as a route to deliver less soluble drugs. Again, a lot of people will disagree on this point of view, but I classify solvates as a subgroup of co-crystals. A lot of discussion is going on how to properly call solvates - a structure that contains solvent molecules. In somewhat older literature you will see the term pseudo-polymorph. Most people have agreed that that is a somewhat ambiguous term. Recently some people are trying to introduce the term solvatomorph. 

The whole problem with co-crystal versus solvate is that it is often very ambiguous whether something that is included in the lattice was a solvent or not. A classification of solid states that depends on the experimental conditions to obtain those forms is in my opinion not a very good classification.

Finally if water was the solvent, we talk about a hydrate.
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Classifications and naming conventions are sometimes silly and prone to debate, but on the other hand they are important for people to communicate their ideas efficiently. Especially when talking about a certain compound, named X in this case, and a number of hydrate forms things can become a little fussy.

I have listed a couple of valid statements on this slide about compound X. Notice that things become extremely ambiguous when you are talking about forms with different stoichiometries. I’m not sure if you could call form IV and VI polymorphs for instance; even if they have the same molecules, their composition isn’t the same.
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Here are some more examples when referring to forms that include other solvents as well. An interesting fact is when people talk about forms without water, they call those anhydrous. The use of that term is typically only used however when there are known hydrates. In other words when you talk about the anhydrous form that implies that there is at least one hydrate.

VII is anhydrous, but is a solvate, a solvatomorph, or a pseudo-polymorph. VIII is a hydrate of VII. You should technically say that VIII is a solvate of IV and V.

At the end of the day when things become this complicated no classification is perfect, or generally accepted.
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As mentioned several times, the kinetics are very important in deciding which polymorph grows at a given set of experimental conditions. Crystals grow in two stages. The first stage is nucleation; the second stage is crystal growth.

That nucleation is fundamentally different from crystal growth is important to understand, so let’s have a look into this.
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Clouds exist of tiny crystals or droplets of water. They are formed when air gets supersaturated with water vapor. The vapor is metastable in that the gaseous water is trying to form droplets but it can’t because of what is called a nucleation barrier. It is interesting to know that clouds can be stimulated to form rain, a situation in which that barrier is overcome, by creating sonic booms or by the sound waves produced by thunder. It is no coincidence that thunderstorms typically produce rain or hail. People have also experimented, with success, to try and create rain by shooting particles into clouds to act as nucleation agents.

Nucleation barriers are experienced in all sorts of phase transitions. The reason for this is that it costs energy to produce a surface layer. Why does it “cost” energy? Close to equilibrium particles in the bulk have almost the same energy as the particles in the mother phase. Particles in the bulk have a certain amount of interactions with their surrounding particles that particles in the surface miss. Their energy must therefore be higher than the equilibrium energy.
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When we plot the total bulk energy of a system with respect to the size of that system we see that that energy increases cubically. At the same time, to form a system of that size, a positive energy is created by its surface, which shows a quadratic behavior. The total energy is the sum of these two curves which always looks like the blue curve. At the beginning the surface term dominates causing the curve to go up. The bulk being of higher order will sooner or later take over causing the curve to go down. The most interesting part of the curve is where that happens. At that point we find what is called the critical nucleus. All nuclei smaller than this size can only gain energy by becoming smaller. Only when the nucleus reaches that size it can gain energy by becoming bigger. Only a very small percentage of the nuclei typically reach the critical size. Almost necessarily when that finally happens the supersaturation drops slightly making it harder for other nuclei to also reach the critical size. 

slide 278

It is important to realize that nucleation barriers typically only exist when the free energy is observed. The cost in energy is thus effectively the loss of entropy for the individual particles

When nucleating crystals the given conditions will favor a particular polymorph to produce their nuclei in the fastest way, which is usually but not necessarily the nucleus with the lowest energy.

Since we deal with free energy, the larger the supersaturation is, the smaller the critical nucleus. Thus, nucleation happens faster when the supersaturation is increased.

It is estimated that for molecular compounds under normal crystal growth conditions the critical nucleus consists of roughly 10 to 100 molecules.
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The graph that we saw earlier in chapter 3 is not to be confused with nucleation. These plots simply plot the free energy as a function of temperature. They show the equilibrium energy only.

Given a system for which there are two crystalline phases and the melt, the curves typically look like this. Even though the enthalpy goes slightly up, the entropy will go up even faster, causing the free energy curve to go down. The different phases necessarily have different slopes.
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There are two possibilities for such a system. In the case which is called a monotropic system there is only one (solid) phase at any observable temperature that is the stable phase. In enantiotropic systems the order of stability is reversed at a certain transition temperature.

By observable temperature I mean all temperatures up to the melting point. Although theoretically the curves of the solid phases will extent beyond the melting temperature and may cross above that temperature, it isn’t relevant for practical purposes.
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So this is what the Gibbs free energy curves look like for the monotropic case. The Gibbs free energy of solid form I is always lower than that of form II. The liquid becomes lower in energy when the temperature gets high enough. Above that temperature the liquid is always more stable than the solids. The vapor curve will cross the liquid in a similar fashion obviously at even higher temperatures.

One important thing to realize is that the melting temperauters of form I and II are not the same. The form with the lower melting temperature is necessarily the metastable form.
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For enantiotropic systems the curves cross somewhere below the melting temperature. At and close to the melting temperature the metastable form is again the form one that melts first. At the temperature where the two curves cross the two forms are in equilibrium. When crystals are grown close to this temperature you may find them both growing at the same time.

Below this transition temperature the metastable form becomes the stable form and vice versa. To make clear about which phase one is talking often the terminology of “high temperature” form and “low temperature” form is used. The LT is obviously the form that is stable at low temperatures; …

There are of course systems where three or more polymorphs are known. Each pair of polymorphs will either be monotropic or enantiotropic. You would call the entire system monotropic if the lowest curve never crosses any other.

slide 283

An often quoted aspect of polymorphism is the Ostwald rule of stages. Wilhelm Ostwald was a German researcher who published his most famous work on polymorphism more than a century ago. Unfortunately he published his work in the German language, which was of course common in those days, which has led to a lot of confusion about this work.

Also, his ideas of the time were somewhat limited in scope, but a lot of people quote his work as if it were the bible. If you can read and speak German, here is the quote I’d like to focus on.
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For the rest you, here is the English translation of that quote.

The first part of the quote is this: <read quote>

So he is literally saying that when a material is transforming from any state to a more stable one it will go to the “nearest” one, which you may interpret as the state which is kinetically most available. What that means exactly depends on many things and would be problem specific and is subject to some discussion.

The second part is that he explains that as the transition that is reached under the least possible loss of free energy. Later in the paper he continues to essentially explain what enantiotropic systems are.
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So if we were to take this quote seriously, which is what A LOT OF PEOPLE DO, what he is saying is that if there are metastable crystalline forms of a material, it must form the metastable form first.

The problem with that is that a lot of crystallizations are carried out in which only one form is observed at all times; even when there are known conditions in which metastable forms can be formed. This already shows that the Ostwald rule of stages cannot be true in general; not in this literal form.

The limited scope of Ostwald’s work was that he based his conclusions on too little experimental data. For the systems he looked at, he may have always seen it happen.
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In a larger scope we now know of many compounds of which several, sometimes 8 or so metastable forms were found. According to Ostwald’s rule, ALL of those forms should ALWAYS be formed. That simply isn’t the case. Also, you can in principle draw up an infinite number of metastable phases all of which would have to be formed one after another.

Moreover, if you think about the ramifications of the general statement that he made, the universe would look quite different. Only extremely slow processes with limited amounts of free energy exchange would be possible. Explosions would never occur, combustion engines would not work, and a lot of dramatic stuff going on in the universe such as supernovas would never occur.

So generally speaking the premise of processes such as phase transformations being governed by a minimal loss of free energy must clearly be not true.
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In 1997 - exactly 100 years after his work was published - a conference was held in Manchester. The influential scientists of that time came together and discussed this widespread “rule of Stages”.

The general consensus was that Ostwald’s rule of stages is not to be taken literally. There is however a reverse reasoning that can still be taken as a general rule of thumb. My personal rule of thumb reads as follows:

IF multiple forms are observed during nucleation and crystal growth, than they must appear in order of stability. That means that the form that is observed first must be the least stable of all the observed forms, the second form the second and so on. The last form observed is the most stable of all observed forms. It’s not a guarantee that the last form observed is the most stable form that can possibly be formed. (read up on Popper’s philosophy if you want)

Also, there is absolutely no necessity that metastable forms must be formed. It is perfectly possible to directly go to the stable form from the melt or solution.

The only guarantee that you have is that there is never a spontaneous transition that goes up in energy. That would violate the laws of thermodynamics.
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Now that we have established a modern interpretation of the Ostwald rule of stages we can move on to discuss polymorph prediction, which is one of the most important aspects of polymorphism from a computational point of view.

In 1988 the editor of Nature wrote this literal quote: <read quote>

So his believe was that it should be rather simple to find the crystal structure given the molecular structure of a given compound. Since then, for almost 20 years a great number of scientists have looked into this problem. Many have come up with computational methods that over time were improved more and more.

What is “the” crystal structure though? This deserves a detailed overview.
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Here is shall define Polymorph prediction as the task to find the stable crystal structure of a given molecule by computational techniques.

As opposed to some other techniques people have used, I will make the case that an accurate prediction for this purpose can only be made based on a criterion of thermodynamics. Thus we want to find the structure that has the lowest Gibbs free energy.

The major challenges for this task are firstly to have a description of the system to an accuracy that is sufficient to make a prediction.

Secondly, to find a structure with the lowest Gibbs free energy we need to know something about the entropy of the system, otherwise our prediction will only be valid at zero Kelvin.

Besides the thermodynamics there is also an aspect of kinetics. Can a crystal structure be formed under a given set of experimental conditions?

For a correct prediction you want to of course make sure that you haven’t missed any possibilities, so what this boils down to is a gigantic search problem in which the possbile spacegroups have to be considered, the unit cell dimensions, the number of molecules in the asymmetric unit, their conformation etc.etc.
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This gigantic search is pretty much exactly what everyone that has attempted this task has been doing. There are of course many different ways this can be done, but in general people first look at the possible conformations of a molecule. That can be based on many different things: force fields, ab initio calculations, CSD statistics, but even simple chemical intuition may do. Intuition turns out to often lead to the best results by the way, but sometimes also the most disappointing.

Most people will not assume all 230 space groups need to be considered. Based on CSD statistics people typically confine their search to the top 10-15 common spacegroups. Under that assumption various computational search techniques can and have been applied successfully. 

The final step is then to obtain an accurate energy reading for all the generated structures.  It turns out that the bottle neck is really in that last step.
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Scientists of course started to publish how successful their methods were working, which was typically always based on test sets for which they already knew what the outcome should be. It turns out everybody is good at POST-diction.

To gauge how successful people were really at PRE-dicting crystal structures the CCDC started to invite scientists to engage in a so-called blind for the first time in 1999.

In that event the CCDC kept three recently solved crystal structures secret and only gave people the molecular diagrams. The challenge was of course for everybody to try and predict these three structures for which they got 6 months. The rule was that everybody was allowed to submit three possible crystal structures for each molecule. A prediction was thus deemed successful if the correct structure was among those three, thus giving people a little room for error and to prevent problems concerning polymorphism etc.
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After everybody had sent in their results, the CCDC held a meeting to discuss these results. Based on that a paper was later published on which all the major contenders appeared as a co-author.
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This is the draft version of the paper that was written about the second event.
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This is the third event. Notice yours truly now appears as a contender.
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And this, finally, is a press release about the last held event. The peer reviewed paper is still in the works.

The reason there was an international press release was that a major breakthrough was made in that last event.
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Interestingly, almost 20 years after that editorial from John Maddox, it went full circle now stating that very successful predictions were made.
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Let’s have a bit more closer look at the type of problems the contestants have been grinding their teeth on.

This set of molecules was the initial set of 3 that was used back in 1999. The first molecule was fairly small and completely rigid. This turned out to be relatively easy to predict. The second molecule was still rigid but had a nitrogen and a sulfur atom in it that makes things a little harder.

The third molecule had two torsions in it and a boron atom. Most force fields don’t have accurate parameters for boron, so that proved to be a really difficult molecule.
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This slide shows the different methods people used to do their predictions. There were only 11 groups that submitted results.

You can see some overlap in methodology. UPACK, the Utrecht packing program that was developed by my masters supervisor, appears twice. One was used by himself; one was used by a fellow student of mine who re-ranked the best structures by ab initio methods.
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Notice how most methods treat the molecules as rigid. A wide variety of search methods was used back in those days as you can see in the third column. It became clear by comparing the results that the Monte Carlo search methods were most successful. The fourth column shows the ranking criteria people used back in those days. It became obvious that energy was the way to go from the failures of the other methods. Most are based on force fields with point charges.
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Here are the results. In bold font are the successful predictions.

Remember that a successful prediction means that people found AND ranked the correct structure in their top three.

In rare cases people found the correct structure in their top three but decided to submit other structures based on their intuition. That’s kind of sad of course. In many other cases, it turned out, people did find the structure in their top 10, top 25, or whatever, but didn’t rank their structures correctly.

Some people had such poor search methods that they didn’t find the correct structures at all. This table shows that the first - really easy - molecule was correctly predicted by 4 groups.

Notice also the occurrence of 2 experimental structures. The CCDC had taken one structure initially, but it turned out that a polymorph was found during the 6 months people were doing their predictions. This stirred up a lot of discussion on what “the” experimental structure is and whether or not you can prove that the structure people have submitted to the CSD is guaranteed to even be the thermodynamically most stable form. Interestingly only the Pbca structure was predicted.
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If you look closely in the table you can see that the exact unit cell dimensions are never found by anyone. There are always slight deviations. There is a lot of discussion about what margins of error people are allowed to have of course. Here we see for the 4 successful predictions an overlap plot of the experimental structure with the predicted structure. You can see that the molecules in all cases are oriented pretty much in the same was, but in some methods the unit cell deviates visually. To go by visuals is very instructive but obviously also very subjective. Fortunately people go by the RMSD as an objective number of goodness of fit.

slide 302

This table shows the results for molecule 2. Notice that only one group, using the MSI polymorph predictor had found that structure. They found it as their #2 ranked structure.
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For structure 3, the really difficult molecule, again only one correct prediction was made. This time UPack found it and it found it as the #1, which is pretty good. Notice that the improved method of reranking structures by ab initio methods did not improve matters at all.  In fact the correct structure didn’t even appear in the top 3 anymore and thus they missed it altogether.
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The first event had shown everybody a lot of new insights. By the objective comparisons people had a much better understanding of what the bottlenecks in everybody’s methods were. Everybody learned from one another and it was agreed to repeat the event after a couple of years to see how everybody had improved. The CCDC raised the bar by taking larger molecules and dropping for instance the limitations on number of asymmetric molecules in the unit cell and limiting the number of possible space groups. 

Without going into the full details of all the subsequent events, in summary, that dropped the rate of success by a lot. By making the searches more and more realistic, it turned out that without any prior knowledge of these matters it was incredibly difficult to come up with good predictions. The worse thing was that nobody really knew why. It was argued that, while there were errors in the force fields, as we discussed, but it had to be the lack of entropy that most people didn’t even had any idea about.

Another issue was that in subsequent events, there was some alteration of who participated, but all in all the most successful people kept doing exactly what they did before: the force fields stayed the same, the charging methods and search algorithms didn’t change. So, there were really only little advances made in the 2001 and 2004 events.
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In the 2007 event this changed. What the big press release was about was that one group had found 4 out of 4 structures correct; all as their number one prediction! After the relatively small number of successes that was of course an incredible result.

What had happened was that a previous employee of MSI/Accelrys had come up with an improvement over all the other methods, namely to use a DFT based approach. Since he quit his job this guy, Marcus Neumann, had worked on this technology - privately funded - for 5 years.

His improved method generates a custom made intramolecular force field to account for the flexibility of the molecules. This proved to be a key to having a much better shot in the searching methods. He also used a test set of low temperature structure data to derive a set of intermolecular potentials. This accounts for the lack of precision that DFT has to come up with that. The combination of these two methods, a so-called hybrid model, proved to be this successful.
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Obviously the down side of such elaborate DFT based calculations is that these take up orders of magnitude more CPU time than force field based calculations alone. In fact to do his 4 predictions he used in the order of hundreds of thousands of hours of CPU time, totaling roughly 37 years worth. Obviously to do such calculations a massively parallel computer system is needed to cram all that effort into 6 months.

As opposed to everyone’s beliefs, namely that entropy was needed to make any meaningful prediction, no such effort was made. It turns out, that at least for the limited set of structures that was analyzed, that that must be a minor effect.

We know of course that it must play a role when dealing with enantiotropic systems, so in future there will be some interest in that issue, but still.

Even with this massively parallel computer, the molecules are still currently limited to a couple of torsions and a limited number of molecules in the asymmetric unit. A 100% accurate prediction is therefore in theory never possible. Nevertheless this series of 4 structures included a co-crystal which was before deemed as completely hopeless.

Time will tell how these computational methods will be accepted and used by researchers.
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Coming back to the issue what defines whether a predicted structure is really the same between an experimental and a predicted, it is important to understand what “the structure” really means in this context.

When we look at crystal structures, especially when comparing polymorphs, it is important to keep a couple of things in mind. Firstly, there is the term ‘motif’. Motif is a bit of a vague term that seems to relate to the pattern in a work of art or decorative pattern in upholstery or something like that. Without going into the debate what the term means exactly, what is important is how the molecules are arranged with respect to one another. Do they, for instance, make layers, do they arrange in a brick like pattern, form honeycombs, herringbones, etc? These qualifiers are typically made upon visual inspection of the crystal structure, and are somewhat subjective. It certainly always is dependent on the orientation at which the structure is observed. It is always a good idea to specify that when describing a structure.

A very important aspect, especially for molecular crystals, is how the hydrogen bonds are being formed. More than any other form of interaction, these are very specific in their orientation. It is very useful to observe whether the hydrogen bonds form chains, dimers, quadrimers, layers, etc. The periodicity is very important because that governs the structural integrity of the crystals.

In this context I should mention the term “synthon” that was probably introduced and certainly popularized by prof. Desiraju from Hyderabad in India. A synthon is a combination of at least 2 functional groups of molecules that create a commonly found type of interaction in crystal structures. Two carboxy groups for instance commonly form a double parallel hydrogen bond.

Prof. Bernstein from Ben Gurion University in Israel has popularized the so-called graph set analysis which classifies hydrogen bonding patterns in rings, chains, etc and count the number of molecules and atoms involved in these motifs.

None of those methods implicitly regard the energetics of these interactions and so this lack of objectiveness can lead to endless discussions regarding the relevance of these patterns and motifs. 
As a result, the predictive value of these systems is limited, so as a design tool in for instance crystal engineering they are very limited.
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In the final slides for this lecture I’ll show some examples. Here is a typical synthon of a hydrogen bond donor-acceptor pair. The hydrogen bond is calculated by Mercury and shown in blue.
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Here we are looking at the molecular arrangement in a herringbone fashion. The herring’s “spine” runs along the b-axis. The structure has wavy layers parallel to the (010) plane.
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Here we are looking at the hydrogen bonding motif. The red line indicates the orientation of the hydrogen bonding chain that is formed within the molecules.

Notice that going from atom to atom you alternatingly encounter a molecular bond, then a hydrogen bond, molecular bond, etc.
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This chapter is mostly about crystal morphology, the physical shape of crystals. But before I go into that, I would like to spend some slides on showing that all the physical properties of crystals are anisotropic. That is, that the properties depend on the orientation of the crystal.

This is very unique to crystals. All other phases of matter are isotropic, including solids in their glassy and rubbery states.

I will show some examples of optical phenomena and IR spectra, but in principle all physical properties are anisotropic.
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When we look at light, molecular materials may have color because the molecules absorb light differently for different frequencies in the optical range. Chlorophyll in plant leaves for instance absorb light in the red and blue spectral regions, leaving the color green for us to see. The way molecules absorb light is by coupling vibrations of the electrons in the molecule to the specific frequency of the electromagnetic spectrum. Graphite appears black because the molecules are huge and therefore have many excited states. Effectively it therefore absorbs all frequencies of visible light.

Most molecules are much more specific in their absorption behavior. In the example shown here the molecule can only be excited in one particular orientation. The excited state of the molecule leads to a transition dipole which is indicated in the figure. Effectively the displacement of the electrons leads to tiny changes (periodic in time) of the charge distribution. The energy differences can be calculated quite accurately using empirical methods and thus the color of a single molecule can be predicted quite accurately.
The electromagnetic wave can only couple in that specific orientation.
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Here is an excellent example of the physical appearance of this effect that I found on the internets. We are looking at two pictures of a crystal of painite. In the top figure a polarizer was lined up with the c axis of the unit cell of the material. Effectively the crystal looks red. When the polarizer is rotated 90 degress, the color completely disappears and the crystal now looks gray.
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Here we have another example of anisotropic behavior but now it is in the IR spectrum. We are looking at a bunch of spectra taken on the same crystal except that again a polarizer is used. The vibrations at two frequencies are especially interesting. At around 3200 wavenumbers we see the symmetric N--H stretch. When the electric component of the IR beam is parallel to the [010] direction, the signal is strongest. It is almost completely extinguished at 90 degrees.

The effect is even more visible for the much stronger asymmetric C--N stretch, which shows the same behavior. Obviously, you cannot fully understand this phenomenon without looking at the 3 dimensional arrangement of the molecules.
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Here we see the crystal structure. The b axis is pointing upwards. Essentially we are seeing the crystal in the same orientation as the IR beam saw it. Remember that an electromagnetic wave has its electric and magnetic components perpendicular to the direction of the wave’s propagation. The electric vector couples with the dipole moments related to the IR signals.

What you can’t tell easily from this projection is that the C-N3 is mostly pointing away from us. We are thus seeing but a small component of the dipole vector causing a very signal. The dipole vectors of C-N1 and C-N2 will couple to form a resultant dipole vector in the asymmetric stretch vibration that is grossly up-downward in this orientation of view.

All the other molecules are in the same orientation or rotated by 180 degrees and will therefore react in exactly the same way. With all molecules not being able to couple with the IR beam, the excitation isn’t seen when the polarizer is oriented in the orientation of the red arrow.
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Now we look at the most easily recognizable anisotropic physical phenomena of crystals: the morphology. We have already seen that crystals are usually facetted, which indicates strong anisotropy in behavior. Otherwise all crystals would have been spherical.
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We have already seen that crystal faces tend to line up with Miller planes. The Miller planes are therefore the most convenient way to refer to the plane’s orientations. When we look at this 2 dimensional cross section of a crystal we see 2 forms are present on the morphology indicated as (hkl) sub 1 and sub 2. (hkl) sub 1 has a multiplicity of 2, (hkl) sub 2 a multiplicity of 4. If we go back in time when the crystal was only a nucleus it would have been the little circle in the center of the crystal. Over time, the crystal faces grew with a relative rate that gave this crystal its close-to-hexagonal shape. Imagine what would have happened when (hkl)_1 would have had a much higher growth rate. That face would have appeared much smaller on the final morphology.

If it had grown much slower that face would have appeared as much larger. It is the slowest growing faces on the morphology that survive in the process of growth. Look at (hkl)_3 for instance. It grew so fast that it is not truncating the crystal at all. Its direction therefore does not appear on the morphology.

If you think about it, there is an infinite number of orientations that grow too fast to appear on the morphology.

It is of course tedious to refer to a crystal’s morphology by looking at the growth rates of all the faces. A much easier thing to do is to simply measure the thickness along the Miller planes of the faces, which is indicated by D(hkl). Notice that we are using a capital D so as not to confuse this with the interplanar distance d_hkl.
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Notice that the shape is independent of the absolute growth rates. Only the relative rates matter. In general therefore the longer crystals grow, the bigger they become, but the shape remains the same.

The relative growth rates give rise to the same proportional D(hkls)s. So to predict the morphology, all we need to do is to predict the relative growth rates of all the crystal faces.
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Here I recall the reciprocal space we covered in chapter 1. If we look at the crystals of sucrose, their shape, whether they are a few millimeters tall, almost 2 centimeters, or can only be seen by an SEM, is the same.
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To measure the morphology in the old days, people would use optical goniometers. The Byrn lab still has an instrument: a Huber.
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The way the optical instrument works is that it relies on the shininess of crystal faces. The lower metallic cylinder in this picture is a light source. The opening of this light source has a particular shape. It looks like the german cross. The cross shape is reflected via the crystal face toward the optical eye. Within that eye are cross hairs that can be aligned with the reflected cross. When the cross is perfectly aligned, the crystal has to be perfectly perpendicular to the plane of view of the source and the receiver. An angle scale on the instrument can be used to read the relative angle of the crystal.

You can only measure the relative angle between the crystal faces. You cannot see the unit cells obviously so you always need some additional information to decide which face is which. It is also very difficult to measure the D(hkl) values from this method. That has to be measured independently using a caliper.
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Here is an alternative layout of an optical goniometer. This is a Nedesco such as they have in the former Bennema lab in Nijmegen. It looks much more like a microscope and because of the advanced optics much smaller crystals can be analyzed with much better precision. The principle of the method is the same though.

Nowadays it is much easier to go to your local single crystal crystallographer and ask him to give you the set of absorption correction data. He will think you are crazy, because that information is completely irrelevant, but if you persist they will give it to you. What crystallographers do is to measure the morphology on their X-ray instrument with the aid of a digital microscope. The great benefit of this method is that the orientation of the unit cell is known with respect to the crystal faces. All the crystallographer has to do is to line up the crystal perpendicular to each of the crystal faces (which is done by the computer) and then he can simply measure the D(hkl) values from the display.
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I want to remind you that when you are measuring the angles between the crystal faces, these faces are lined up parallel to Miller planes. It can often be a little bit tricky to match up these angles with the lattice vectors especially for triclinic and monoclinic systems.
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Here we see a picture of a calculated morphology of acetaminophen. It was calculated using the BFDH method in Mercury. Notice that the unit cell is aligned so as to match the orientation of the crystal. This is useful because it allows you to figure out how the molecules are oriented at the crystal faces.
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What does BFDH mean? It stands for the first letter of each person contributing to the set of rules that is applied using the BFDH method. You can see by the references that this method is essentially very old. Bravais did the most work. Friedel only made a correction for cell centering and Donnay and Harker made an additional correction for certain spacegroups. Effectively those two corrections are very closely related to what we have seen for forbidden and allowed reflections in X-ray diffraction.

The basic premise of what Bravais noticed is that a crystal face tends to appear larger on the morphology when its interplanar distance is larger. Larger faces mean smaller D(hkl)s. The general rule is that Dhkl is taken reciprocal to d(hkl).

Notice that to predict the morphology based on these rules all that needs to be done is to select the allowed reflections, calculate their d(hkl) values and construct the crystal planes by finding where they intersect.
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In general the BFDH model works pretty well, especially regarding how simple the model is. Obviously back in their days the BFDH contributors had more data on inorganic materials and the BFDH model works very well for those materials. Inorganic crystals have a large degree of isotropy; in that atoms have no orientation effect.

The downside is that BFDH doesn’t work very well for molecular crystals. In particular, because of the nature of molecular compounds the interactions between the molecules is much more anisotropic than those between atoms.

What is really missing is a good description of the molecular interactions.
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To understand what is going on a little bit more, let’s first have a look at how crystals grow. Ignore the diagram on the right for a moment and look at a particular crystal face of a material that has cubic unit cells.

As the cubes are reaching the surface of the crystal during growth, they can encounter different appearances of that crystal. First there is the completely flat part of the crystal. When a new block is to be added there, only one interaction is effectively made.

Number 2 sees a somewhat more favorable situation in which it adheres to two other building blocks at what is called a step site. Number 3 sees a kink site in which it adheres to 3 neighbors and so forth. The most favorably condition for a single cube is to encounter a hole in which it can adhere to five other cubes. Notice that ultimately each cube will end up with 6 neighbors when it is fully surrounded inside the crystal. That amounts to the full lattice energy, which is a bulk property of the material.
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For this simple type of crystal there can be different types of facets. The example of the previous slide is the situation as is seen for the (001), (010), and (001) faces. These are referred to as Flat faces, because they tend to be flat. Given this building block, other possibilities are Stepped faces and Kinked faces.  It is relatively easy to see that F faces are much stronger than are stepped and kinked faces. An alternative way to see this is to think of how much more favorable it is to adhere to the kinked face than it is to adhere to the flat face. In general, kinked and stepped faces are very rarely seen on naturally grown crystals.
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Cubes are cubes. Real organic crystals are a lot more complex shaped. If we look at acetaminophen for instance the molecules are not even oriented in the same orientation to begin with. It makes the story of how they adhere to a crystal surface much more elaborate as you may understand.
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Let’s begin with the beginning of how molecules interact with each other in the crystal structure. First of all, we define each molecule as a growth unit. Then we place two molecules in the position they each take in the crystal structure. We can easily calculate the energy involved with this process when using a force field based model. With other higher level models this is as good as impossible, by the way.

This particular arrangement of the molecules forms the hydrogen bond as it is encountered in the crystal structure, indicated with the dashed cyan line. Besides that atomic interaction there are many more. It is easy enough to take all atomic pairs into account, even though most of them are relatively small. The total of all the atomic interactions, including the hydrogen bonding, Van der Waals and Coulombic interactions results in the molecular interaction which is indicated by the pink dotted line.
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When we repeat this exercise for all the possible pairs of molecules within the unit cell and extending one unit cell further this is what we get. This set of interactions is called the crystal graph.

There is of course an infinite number of molecular pairs that can be made when looking at a crystal, but since all types of molecular interactions decay with distance so do the molecular interactions. Usually only a handful of interactions need to be taken into account to account for 99% of the total lattice energy. Those interactions are typically the nearest and second nearest neighbors in molecular crystals.

I haven’t drawn all the interactions in the crystal graph. This is the set of the 5 strongest interactions only. The interaction energies are labeled in kcal/mol.
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Instead of labeling the interactions in the crystal graph drawings it is usually easier to color code the interactions. The blue interactions are the strongest corresponding to the 11.7 kcal/mol interactions. Notice how the molecules are connected by only those interactions along the [100] direction. That oviously makes up the strongest orientation in the crystal. This is obviously because of those strong hydrogen bonds.
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Hartman and Perdok were also interested in why morphologies were what they were and tried to explain these matters by observing that crystals typically create a crystal faces that align with such strong orientations.

Nowadays using computer models we can virtually cut the crystal structure in various orientations, along the Miller planes, and calculate how much energy it would cost to do so. In other words how much energy would it cost to cleave a crystal along that Miller plane.
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The energy involved with that cleaving is exactly the opposite of the attachment energy. To be exact, the attachment energy is the energy released (as opposed to putting it in) when the two layers of crystal are joined along that Miller plane.

If you rotate the crystal graph in a few different orientations you can easily see that every orientation will give rise to a different attachment energy. Thus, again, the attachment energy is a highly anisotropic property of crystals.

slide 336

The premise now of what we call the attachment energy morphology is that we can make the assumption that crystal faces grow with a rate that is proportional to their attachment energy. After all, if more energy is involved by creating a layer of crystal, the faster that is likely to happen.

So to create a morphology, all we have to do is to calculate the attachment energy and instead of using the BFDH model of 1/d(hkl) we use the Eatt(hkl) to be equal to D(hkl). The rest of the prediction is exactly the same, that is, determining the faces and the vertices etc.

The attachment energy model is often referred to as the “growth” morphology. Supposedly because that is how crystals “grow”. We shall see in a few slides that attaching entire layers is not at all how crystals grow leading to even more improved models.

In the lower part of this slide is a table of the output of an attachment energy calculation. Besides some notation issues that are not entirely consistent with the proper crystallographic language and notations I have been trying to teach you, you can see the attachment energies for the respective forms and the D(hkl) values are taken as the negative of that number.
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And tadaaa!, here is the growth morphology of acetaminophen. Notice that this morphology is quite different from the BFDH morphology that we saw earlier. This morphology actually resembles the experimental morphologies much better.

As we will see on the next slide, there is something missing however when we refer to the “experimental morphology”.

You can’t report on the boiling point of a liquid without defining the pressure. With crystal growth this is very similar.
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As we see on this slide, the experimental morphologies depend very much on the supersaturation at which the crystals were grown. At low supersaturation the crystals appear as needles. At moderate supersaturation they appear as rods and at the high supersaturation they appear very similar to the attachment energy morphology. That model can thus not take the supersaturation effect into account. Obviously we haven’t put that information in the model, so this is logical. A similar argument can be made about the effect of the solvent and the actual temperature at which the crystals are grown.
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Here we see how the growth rate of four of the crystal faces is behaving when the supersaturation is changed. Instead of a linear increase, there is first of all always this particular s-shaped behavior. So what that means is that the crystal faces only respond slightly when increasing the supersaturation only a little bit from equilibrium. This is followed by a somewhat linear region. Finally the growth rates appear to hit a maximum.

This is true for three of the faces. One face is behaving out of the ordinary: (110). This face doesn’t show any significant grow up to 10% supersaturation after which it all of a sudden takes over in growth rate. On the morphology this means the (110) is a dominating face at low supersaturation, hence the needle shape. At higher supersaturation the (110) will be a minor crystal face.

Obviously, if we want to predict morphologies as a function of the growth conditions, we need to do a little more work.
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That little bit of extra work can be done by running crystal growth simulations. By that I mean we can grow crystals ‘in silico’ by simulating the process of adhering, and removing molecules from the crystal. 

On the right hand side, the table shows schematically how this process is done in a program called MONTY. The table is a table of energy states of each of the molecules in the crystal. By removing and adding growth units to the crystal their energy state changes. This change in energy is being related to the Boltzmann statistics. Effectively we therefore do a Monte Carlo simulation.
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When we do this simulation on the same crystal faces we saw experimentally, we obtain this graph. You can see it is fairly similar.

I must make one additional comment that as additional input for these simulations a growth spiral was simulated for the appropriate faces, which I will talk about in a few slides.

slide 342

When comparing the crystal faces of experimental crystal faces with those of the simulated faces, you can see they behave very similar. Even though the scale of the little islands in the simulation are limited in size, they appear to have the same shape. The simulation scale has to be smaller than the actual crystals due to limitations of computer memory as we have discussed earlier.

What is important here is that the relative amounts of step and kink sites on the surface is similar. That determines the growth rate of the crystal face. Notice how the islands have a similar aspect ratio and the way they are truncated at the tips. the mechanism of growth in which islands are being formed that later grow is referred to as 2D nucleation and also as “birth and spread”.
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Here is sucrose again. I have simulated each of the crystal faces at the same supersaturation. Notice how different each crystal face is growing even though the supersaturation is the same. The growth behavior is thus intrinsically different due to how the crystal graph is oriented for each of the crystal faces.
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Here we are looking at a completely different type of molecule. It is a paraffin, a long n-alkane. In this case an alkane of 36 carbons. On the left you see the molecule as it appear in the crystal structure. Although the molecules are fairly flexible, in the crystal structure they are completely straight. When seen from the top as in the right hand figure, you can only see two carbon residues. When we draw the crystal graph in that figure we see a very dominant interaction in red and a much weaker one in green. The red interaction stems from the attractive Van der Waals force between all CH2 groups combined along the length of the chain. The green interaction is essentially the second nearest neighbor butting of the molecules.
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Look here what the crystal surface looks like under an atomic force microscope. Very dominant is the effect of growth spirals. Everywhere where you see a step you go up or down one whole molecule. You can easily see how the steps are aligned perfectly with the crystal graph; including the little step at the short end of the spiral’s lozenge shape.

Without going into too much detail in how spirals are created, that would be more the subject of a crystal growth course, not a modeling course, the effect can be seen here and it can be relatively easily be implemented in the simulation methods. Once a spiral exists on the surface, that face does not have to rely on the 2D nucleation of islands on the surface and therefore typically starts to grow a little bit quicker at low supersaturations.

What we currently cannot predict accurately is the tendency of a crystal to form growth spirals or predict the circumstances under which they are formed.
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As seen, the growth mechanism is really important to how the crystal face is growing, and especially how it responds to changes in the supersaturation. It is the difference in the way each crystal face responds that governs how the morphology changes as a function of supersaturation.

The main mechanisms are 2D nucleation, spiral growth and rough growth. We have already seen the first two. The overtaking effect of that one outlier face on acetaminophen has to do with the fact that the (110) face apparently cannot form any growth spirals, whereas the other faces do.

Finally there is rough growth. Rough growth is oddly the most common of all types of growth even though it is rarely observed. This statement deserves a little bit of explanation. When faces grow rough, they are not kept flat by the strength of the interactions within the plane. K-faces therefore always grow rough by definition. S-faces rarely don’t. When the growth rate reaches its saturation point (on the right hand side of the growth curves) this is where the mechanism is typically become rough. The point at which this happens is called a roughening transition. Remember that I said that there were in principle an infinite number of crystal orientations? Guess what, they are all rough. Only the handful of crystal faces that can form F-faces do not grow as rough at a finite supersaturation.

slide 347

To finish off this chapter we will look at a couple of examples of crystal face simulations, except that now they are not crystal growth, but dissolution. That process is usually called etching when we look at individual crystal faces.

This material is a yellow pigment. Pigments are crystalline colored materials used in the imaging industry.

On the right we see a very interesting pattern of the (002) crystal face that has been etched for a while using a solvent. Notice that when we are etching we are dealing with a solvent that is creating an UNDER-saturation. All we have to do to undersaturate a system in our simulation is to change the energy of the molecules in the solution.

When we click on the left image a movie will play that shows how this crystal face is being etched. The wave-like edges migrate over the crystal face. The similarity is obvious.
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On this slide we see another face of the same pigment. This face is somewhat stronger. Notice how on the right, instead of the wave-like patterns etch pits have formed. These etch pits have a flame-like or a spear head shaped appearance. On the left we see some still shots of what this face looks like when etched in the simulation. It is the reverse of a birth and spread growth mechanism. It is still birth and spread, except that the birth is now that of etch pits. The pits spread in a very similar fashion. The pit edges in this particular condition are only slightly faceted with rounded edges.
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Finally, here we see a movie of this birth and spread etching.
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This concludes the chapter on morphology modeling and for that matter the course entirely.

Some final words I like to spend on that crystal morphology has many more aspects than we have seen so far in this course. The morphology that we have been looking at is the primary morphology. That is, the morphology that a single crystal would look like when grown under ideal circumstances. In reality crystals are mostly grown in reactors which large amounts of crystals that will interact with each other. When crystals grow into each other that phenomenon is called agglomeration. The agglomeration behavior defines the secundary morphology of the crystals.

Another aspect of crystal growth is all that happens when the kinetics of the material transport are not uniform. Snow crystals for instance get their unique shape because of that effect. The resulting crystals usually form dendrites and spherulites which are processes that require a different type of modeling namely that of the transport kinetics. Continuous models such as computational fluid dynamics can do that type of work. Technically that is not a form of molecular modeling and thus not part of this course.

